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Abstract

Extremal topology was defined on an arbitrary set X as a maximal non-discrete
topology [2]. In this paper we will prove that every extremal topology T on a set X
has to be of the form t = P(X\{x}) U {{x} U F: F € F}, for some x € X and some
ultrafilter F in X\{x}. Where P(X\{x}) is the power set of X\{x}. We also show
that if F is a free ultrafilter then (X, t) is a T, space.
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Preliminaries
If X is a non-empty set, a non-empty collection F of subsets of X is called a

filterinXif ()0 ¢ F, (ii))if F,F, e Fthen F,NF, € F, (iii)if FEFand G c X
with F c Gthen G € F.
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A filter 7 on X is said to be free filter provided ;-F = @ otherwise it is called
a fixed filter.A filter 7 is called an ultrafilter if it is a maximal filter; that is if ¢ is
a filter containing 7, then F = g. A filter F is an ultrafilter in X if and only if for
any E € X either E € F or X\E € F and an ultrafilter 7 is fixed ultrafilter if and
only if there exists, y € X such that ;J%.F = {y}. A collection D of subsets of X is
a filter base for a filter in X if and only if: (i) @ € D, (ii) For any D;, D, € D there
exists D; € D with D; € D; N D,. Every filter is contained in an ultrafilter see [1]
and [4]. A topological space X is said to be a door space if any subset of X is
either open or closed [1]. A topological space x is called a T: space if every one-

2
point set is either open or closed. Clearly if X is a door space then X is a T: space.

2
In [2] extremal topology was defined, and it was proved that for any
X,y EX, x#y, 13 = PX\{XD U{x}UA:A c P(X\{x}),y € A} is an
extremal topology and if X is finite then every extremal topology on X
has to be of the form t(, ,, for some x,y € X, x # y. In this paper we will
generalize Theorem 1-2 and Theorem 2-1 of [2] and derive some other
properties of extremal spaces.

The Main Results

We first give the following Theorem

Theorem 1:
If X is a non-empty set, x € X and t = P(X\{x}) U {{x} UF:F € F} for some
filter F in X\ {x} then:

a) tisatopology on X.

b) (X, t) is a normal space.

c) (X, 1) isadoor space and hence a T: space.

2
d) If F is a free filter in X\{x}, then (X, t) is a Hausdorff space and hence a
T, space.
Proof:

a) Is trivial.

b) Let 4, B be any two disjoint closed subsets. Then we have two cases:
case(i): If x ¢ AU B then A, B are two disjoint open sets.
case(ii): If x€e AUB, say x € A, x € B. Then B is a clopen( closed and
open) subset and so B€ and B are two disjoint open sets containing A and B
respectively. Hence X is a normal space.
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C) Let A be any subset of X. If x & A, then A is an open set. If x € A, then for
any y € A, {y} is an open set containing y and disjoint from A. Hence A is a
closed set. So (X, 1) is a door space.

d) If F is a free filter in X\{x}, y,z€ X,y #z. Then if y,z € X\{x},
the sets{y},{z} are two disjoint open sets containing y and z
respectively. If z = x,y # x, then since F is a free filter in X\{x}, so
there exists F € F with y € F and hence {x} UF,{y} are two disjoint
open sets containing x and y respectively. Therefore X is a
Hausdorff space and hence by (b) above X is a T, space.

The following Theorem generalizes both 1-2 and 2-1 of [2]

Theorem 2 [3]:
A topology t on X is an extremal if and only if there exists x € X such that
1 = P(X\{x}) U {{x} U F: F € F} for some ultrafilter F in X\{x}.

Proof:
= Suppose t is an extremal topology, then there exists x € X with
{x} & .

Let® = {D c X\{x}: {x} U D € 1}, then D is a filter base for a filter g in X\{x},
and if ;D = @ then g is a free filter while if ,\D # @ then g is a fixed filter.
Let F be an ultrafilter in X\{x} containing g and t* be the topology generated by
the collection 7 U {{x} UF:F € F}. Since {x} & 7", then 7* is not discrete and
since T < 7* and T is an extremal so T = =* and hence {{x} U F:F € F} c 7. Also
since t is extremal A € t for any A c X\{x}, otherwise

T<A>={UUVNA):U,V €1}

is not a discrete topology containing t and with A € 1 <A >. Which is a
contradiction. Hence

PX\{x) U{{x} UF:Fe F} c .
If U € 7, then if x € U we then have U c X\{x} and so
UePX\{x)DU{{x}UF:F e F}.

If x € U, then since F is an ultrafilter so either U\{x} € F or X\U € F. If
U\{x} € FthenU € PX\{x}) U {{x} UF:F € F}.

If X\U € F then {x} U (X\U) € 7 and so {x} = UN[{x}UX\U)] € 7, which is a
contradiction. So we have

1=PX\{x}) U{{x} UF:F € F}.
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& Suppose T = P(X\{x}) U {{x} U F:F € F} for some x € X and some ultrafilter
F in X\{x}. To show that t is an extremal. Let t be a non-discrete topology with
T C tand t # 1. Then there exists w € Tt withw €& .

If x ¢ wthenw € P(X\{x}) c tand we have a contradiction.

If x € w, then since F is an ultrafilter in X\{x}, so either w\{x} € F or
X\weZF. If w\{x}eF, then wer and we have a contradiction. If
X\weZF then {x}UX\w)ertct, and so wN[{x}UX\w)]={x}€ETt,
a contradiction since t is not discrete so t =1t and hence t is an extremal
topology on X.

Corollory 3:
If t=PX\{x}) U{{x} UF:F € F} is an extremal topology and F is a fixed
ultrafilter in X\{x}, then © = 1 ;3 for some y # x.

Proof:
If F is a fixed ultrafilter, then there is y € X\{x} with 0-F = {y}. So ©=
PX\xDU{{x}UF:FeF} =PX\{x) U{{x} UF:y € F,F € F} = 11,5,

The following two corollaries are consequences of Theorem 2.

Corollary 4:
If t is an extremal topology on a set X then:
a) (X, 1) isanormal space.

b) (X, t) is adoor space and hence a T1 space.
2

Corollary 5:
If t=P(X\{x}) U{{x} UF:F € F} is an extremal topology on X and F is a free
ultrafilter in X\{x}, then (X, 7) is a T,, space and hence a T, space.
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