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Abstract 

 

In this paper, Anderson-Darling (AD), Lilliefors (LI), and Jarque-Bera (JB) tests 

were compared for Type I error and for power of the tests. The simulation was  run 

100,000 times for different situations and for different types of departures from 

normality. For all different sample sizes and distributions, AD gave the most 

powerful results, followed by the JB test.  
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 المستخمص
بطتتااس-ةسا تبتناس تناك س(LI)ا تبتناستطلط تتةايسةس س(AD) ااتتناس- ت سهت إساتةاست  ست تتتس قنانت سا تبتناسأن احتتةر

(JB)دنكتتتنةستدتتتن تس  تل تتت سةأنتتتةاعسس522222بنتنحتتتب ست  تتتعساتنتتتةعسالأة سةستتتةةسا  تبتتتنا.ستتتت سإ تتتاا س تتت  سس 
نتتتنراسأستتة  سسADأ  تت سا تبتتناس  تل تت سبعطتت ةس تترساتشتتك سات بطعتت .ست  طتت سأد تتن ساتعطنتتنتسةاتتة طعتتنت سةستت س

س.JBطلطهسا تبناس
 

Introduction 
 

Most statistical tests such as t-tests, linear regression analysis and Analysis of 

Variance (ANOVA) require the normality assumptions. Data can be viewed with 

graphical methods to roughly assess normality. However, graphical methods do 

not test if the differences between normal distribution and the sample distribution 

are significant. Tests used for assessing normality are Chi-square, Kolmogorov-

Smirnov, Shapiro-Wilks, Anderson Darling, Lilliefors and Jarque-Bera.  
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The last three are the most frequently used tests. In most situations, data 

deviates from normality. Previous studies did not attempt to determine which 

testing method gives higher power for different cases of sample sizes and 

distributions and they also had low simulation runs (Ohta and Arizono, 1989; Lin 

and Mudholkar, 1980).  

The main objective of this paper was to evaluate Anderson-Darling (Anderson 

and Darling, 1952), Lilliefors (Lilliefors, 1967), and Jarque-Bera (Jarque and 

Bera,1987) tests for Type I error rates and for power of the tests. 

The main three tests that assess assumption of normality are Anderson-Darling 

(AD), Lilliefors (LI), and Jarque-Bera (JB). 

 

Anderson Darling Test 

This test for normality, developed by Anderson and Darling (1952), is a 

popular normality test based on empirical distribution function (EDF) statistics. 

The Anderson-Darling test is commonly used to test whether a data sample comes 

from a normal distribution. Let
)()2()1( nxxx    be the order statistics of a 

random sample nxxx ,,, 21   comes from a distribution with cumulative 

distribution function )(xF . The Anderson–Darling test statistic (AD) is defined 

by 
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are the sample mean and variance (see Gan and 

Koehler, 1990). 

If the resulting AD statistic is significant, then the null hypotheses )( 0H that the 

sample comes from a normally distributed population is rejected.  
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Lilliefors Test 

Lilliefors test (LI) is a modification of the Kolmogorov-Smirnov test 

(Lilliefors, 1967). It is suitable when the unknown parameters of the null 

distribution must be estimated from the sample data. The LI statistic is defined by 
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are the sample mean and variance. 

 

This test is available when n is greater than or equal to 3. 
 

Jarque-Bera Test 

The Jarque–Bera (JB) test is a goodness-of-fit test of whether sample data have 

the skewness and kurtosis matching a normal distribution. Let nxxx ,,, 21  be a 

random sample. The third standardized sample moment of nxxx ,,, 21   is called 

sample skewness and is denoted by 
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The fourth standardized sample moment of nxxx ,,, 21  is called sample kurtosis 

and is denoted by 
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The test statistic denoted by 
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is called Jarque-Bera statistic or just JB statistic, the corresponding test for 

normality is called Jarque-Bera test or shortly JB test. The test was defined and 

treated in Jarque and Bera (1987) and their earlier papers. JB is asymptotically 

chi-squared distributed with two degrees of freedom because JB is just the sum of 

squares of two asymptotically independent standardized normals, (see Bowman 

and Shenton, 1975). The Jarque-Bera test is probably the best known normality 

test to economists and is often used as a test of the normality of residuals. 
 

Materials and Methods 

 

A computer simulation program was used to study Monte Carlo techniques to 

evaluate the power of Anderson Darling (AD), Lilliefors (LI), and Jarque–Bera 

(JB) test statistics in testing whether a random sample of n independent 

observations come from a population with a normal distribution. The null and 

alternative hypotheses are: 

0H : The distribution is normal 

1H : The distribution is not normal. 

Matlab R2014a was used to write the program. Type I error rates and statistical 

power of Anderson and Darling, Lilliefors, and Jarque–Bera tests were measured 

for different situations. The level of significance 05.0  was used to investigate 

the power of the tests. Samples with various sample sizes were taken from the

)1,0(N , t(30), 2 (30), Gamma(2, 3), 2 (3), Beta (2, 5), Wiebull(1.5, 1), and Exp 

(0.50) distributions (Fig. 1).  

Random numbers were generated using generators from Matlab R2014a 

(functions normrnd, trnd, chi2rnd, gamrnd, wblrnd, exprnd, and betarnd) 

(Moonjung and Wendy, 2015). Sample sizes were chosen as n = 7, 8, 9, 10 (5) 95, 

100 (50) 450, 500 (250) 2000 for each distribution. This allowed assessment of 

the Type I error rates and power of statistical tests under small, moderate and 

large sample size conditions. In each case 100,000 pairs of data sets were 

generated. Each pair was then compared by each of the three tests. The 

populations were standardized because they have different means and variances. 

When samples were taken  from )1,0(N  populations,  the number of rejected 0H  

hypotheses was declared as the probability for Type I error. When samples were 
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taken from populations with non-normal distributions, the number of rejected 0H  

hypotheses was declared as the test‘s power. Accordingly, to compute empirical 

Type I error rate and test power, the program ran each condition 100,000 times 

and kept tract of proportion of significant statistics. 
 

 

 
 

Fig. 1. Probability density functions of the eight distributions used in the 

simulation. 
 

Results and Discussion 
 

The power of the tests varies with the significance level, , sample size and 

alternative distributions. However, only the results of power for 05.0 , several 

sample sizes and selected distributions were presented in this paper due to space 

limitation. The sample sizes presented in the figures were selected at the point 

which the power dramatically changed. 

Empirical results of 100,000 simulation runs are given in the Appendix. Figure 1 

below shows the plot of simulated type I  error rates for all three tests against the  

  



 54 

Bahlul Omar Shalabi 

 

standard normal distribution for 05.0 . From figure 1 it can be clearly seen 

that all three tests had similar type I error rates.  

Figure 2 below shows the plot of simulated power for all three tests against the 

t-distribution with 30 degrees of freedom for 05.0 . Referring to figure 1 and 

figure 2 we note that the number of rejected null hypotheses (power of the tests) 

were similar to the number of rejected null hypotheses (type I error rate) for 

standard normal distribution when using AD and LI test for sample size less than 

100.  
 

 

 
Figure 1. Comparison of simulated type I rates for three normality tests against 

standard normal distribution (skewness = 0.00, kurtosis = 3.00). 
 

Figure 3 displayes the plot of power for the three tests against 2 (30) 

distribution for 5% significance level. It is clear from Figure 3 that the 

performance of all three tests is low (less than 0.6) for sample sizes less than 150 

but JB test performs better than AD and LI tests. JB and AD reached good power 

(0.6 or more) for sample size of at least 200 while LI requires sample size of at 

least 300 to reach good power. LI is the weakest test and requires much larger 

sample size to achieve comparable power with the other two tests. 

Figure 4 represents the change in power for different sample sizes for all three 

tests against Beta(2, 5) distribution. Again the performance of all three tests is low 

for small sample sizes but in general AD test performs better than JB and LI tests. 

AD attained good power (0.6 or more) for sample size of 75 or more while JB and 

LI tests require sample size of 100 or more in order to attain good power.  
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Figure 2. Comparison of simulated power for three normality tests against t-

distribution with 30 degrees of freedom (skewness = 0.00, kurtosis = 3.23). 
 

 
Figure 3. Comparison of simulated power for three normality tests against chi-

squared distribution with 30 degrees of freedom ((skewness = 0.51, kurtosis 

= 3.40). 
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Figure 4. Comparison of simulated power for three normality tests against Beta (2, 

5) distribution ((skewness = 0.6, kurtosis = 2.88). 
 
 

 
Figure 5. Comparison of simulated power for three normality tests against gamma 

(2, 3) distribution ((skewness = 1.41, kurtosis = 6.00). 
 

Figure 5 demonstrates the plot of power for the three tests against Gamma(2, 3)  

distribution for 05.0 . It is obvious that the performance of all tests is low for 

small  sample  sizes but  AD and  JB  test  perform  better  than LI test. AD and JB 
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together attained good power (0.6 or more) for sample size of at least 30 while LI 

requires sample size of at least 40 to attain good power.  

Figure 6 shows the plot of power for the three tests against )3(2   distribution 

for 05.0 . It is clear that for small sample sizes (15 or less) the performance of 

all three tests is low (less than 0.6). All three tests attained good power (0.6 or 

more) for sample size of at least 25. Figure 7 above displays the plot of power for 

the three tests against Wiebull(1.5, 1)  distribution for 05.0  while figure 8 

below displays the plot of power for the three tests against Exponential(0.5)  

distribution for 05.0 . It is clear from these plots that the performance of all 

tests is low for sample sizes less than 15 but in general AD test perform better 

than JB and LI tests. AD attained good power (0.6 or more) for sample size of 15 

or more while JB and LI tests require sample size of 20 or more to attain good 

power. 

 

 

 
Figure 6. Comparison of simulated power for three normality tests against chi-

squared distribution with 3 degrees of freedom ((skewness = 1.63, kurtosis 

= 7.00). 

 

Conclusion 

 

The results of 100,000 simulation runs showed that; 

1. When the distribution is standard normal, any of the three tests can be used 

to compare Type I error rates. 
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Figure 7. Comparison of simulated power for three normality tests against 

Wiebull (1.5, 1) distribution ((skewness = 2.00, kurtosis = 9.00). 
 

 
Figure 8. Comparison of simulated power for three normality tests against 

Exponential (0.5) distribution ((skewness = 2.00, kurtosis = 9.00). 
 

1. Regardless of the distribution and sample size, AD test gaves higher power 

levels than the other two tests. 

2. In all situations, LI test achieved smallest power levels. 
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3. JB and LI tests performed similar in samples with all distributions except 

for t(30) distribution. 

4. All tests were more powerful when used on data with exponential 

distribution (0.50) and Weibull distribution (1.5, 1) for sample sizes 30 or 

more. 
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Appendix 

  
Type I error rate and power of tests for different distributions and sample sizes 

 

Sample 

size 

Distribution 

N(0, 1) 

(Skewness = 0.00, Kurtosis = 3.00) 

 

Type I error rate 

t(30) 

(Skewness = 0.00, Kurtosis = 3.23) 

 

Power of test 

AD JB LI AD JB LI 

3 

4 

5 

01 

01 

01 

01 

01 

01 

01 

01 

11 

11 

21 

21 

31 

31 

41 

41 

51 

51 

011 

011 

011 

011 

011 

011 

011 

011 

111 

311 

0111 

0011 

0111 

0311 

0111 

191052 

191050 

191110 

191041 

191110 

191101 

191113 

191112 

191052 

191052 

191052 

191050 

191112 

191112 

191053 

191054 

191111 

191110 

191054 

191050 

191110 

191113 

191051 

191040 

191110 

191110 

191110 

191110 

191054 

191110 

191045 

191111 

191100 

191113 

191111 

191053 

191051 

191040 

191050 

191050 

191114 

191111 

191114 

191114 

191055 

191110 

191111 

191055 

191055 

191111 

191051 

191045 

191114 

191051 

191113 

191111 

191110 

191110 

191051 

191050 

191050 

191111 

191110 

191110 

191111 

191054 

191110 

191110 

191112 

191111 

191110 

191110 

191110 

191054 

191050 

191050 

191111 

191110 

191050 

191055 

191110 

191055 

191110 

191051 

191054 

191111 

191111 

191051 

191042 

191050 

191051 

191113 

191052 

191111 

191040 

191051 

191110 

191112 

191112 

191110 

191055 

191050 

191051 

191114 

191112 

191100 

191042 

191101 

191101 

191110 

191120 

191120 

191112 

191141 

191150 

191144 

191203 

191212 

191200 

191200 

191201 

191204 

191200 

191201 

191203 

191200 

191200 

191210 

191220 

191201 

191251 

191300 

191304 

191334 

191411 

191401 

191405 

191450 

190111 

190012 

190050 

190124 

190301 

190510 

191103 

191120 

191143 

191150 

191200 

191251 

191300 

191315 

191415 

191400 

191413 

191441 

191511 

191510 

191500 

191530 

190103 

190114 

190100 

190131 

190141 

190154 

190010 

190041 

190054 

190150 

190300 

190410 

190445 

190111 

190044 

190414 

190040 

190240 

190155 

190005 

191100 

191102 

191110 

191100 

191103 

191100 

191115 

191103 

191121 

191114 

191120 

191114 

191121 

191131 

191130 

191124 

191120 

191122 

191123 

191135 

191141 

191144 

191154 

191213 

191202 

191200 

191204 

191210 

191212 

191233 

191310 

191400 

191503 

191533 

190130 

190021 
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Sample 

size 

Distribution 
2 (30) 

(Skewness = 0.51, Kurtosis = 3.40) 

 

Power of test 

Beta(2, 5) 

(Skewness = 0.60, Kurtosis = 2.88) 

 

Power of test 

AD JB LI AD JB LI 

3 

4 

5 

01 

01 

01 

01 

01 

01 

01 

01 

11 

11 

21 

21 

31 

31 

41 

41 

51 

51 

011 

011 

011 

011 

011 

011 

011 

011 

111 

311 

0111 

0011 

0111 

0311 

0111 

191201 

191200 

191232 

191255 

191420 

191550 

190005 

190040 

190004 

190120 

190314 

190413 

190110 

190012 

190050 

190020 

190140 

190324 

190511 

190111 

190004 

190013 

190404 

192000 

193030 

194110 

194202 

195142 

195050 

195151 

195524 

195553 

091111 

091111 

091111 

091111 

191200 

191203 

191250 

191304 

191500 

190132 

190021 

190010 

190201 

190344 

190500 

190000 

190045 

190031 

190200 

190401 

190540 

190001 

190001 

190041 

190230 

190401 

191114 

192500 

194104 

194410 

195044 

195211 

195331 

195431 

195553 

091111 

091111 

091111 

091111 

091111 

191142 

191200 

191203 

191200 

191303 

191401 

191500 

190100 

190010 

190010 

190010 

190010 

190041 

190140 

190243 

190350 

190440 

190532 

190130 

190022 

190041 

190020 

190020 

190010 

191054 

191541 

192240 

193010 

193411 

194021 

195101 

195433 

195531 

195551 

195555 

091111 

191240 

191301 

191350 

191415 

190020 

190041 

190400 

190001 

190205 

190141 

190101 

190500 

190031 

190340 

191015 

191134 

191522 

192000 

192241 

193101 

193022 

193150 

195000 

195421 

195533 

195553 

195555 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

191200 

191200 

191222 

191311 

191421 

190101 

190041 

190005 

190100 

190310 

190520 

190000 

190103 

190400 

190004 

190050 

190434 

190020 

190311 

191000 

191111 

191512 

194501 

195402 

195540 

195554 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

191200 

191230 

191300 

191314 

191512 

190005 

190013 

190210 

190402 

190141 

190011 

190130 

190401 

190131 

190004 

190132 

190401 

190113 

190000 

190141 

190315 

191103 

193101 

194000 

195002 

195200 

195401 

195504 

195534 

195550 

091111 

091111 

091111 

091111 

091111 

091111 
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Sample 

size 

Distribution 

Gamma(2, 3) 

(Skewness = 1.41, Kurtosis = 6.00) 

 

Power of test 

2 (3) 

(Skewness = 1.63, Kurtosis = 7.00) 

 

Power of test 

AD JB LI AD JB LI 

3 

4 

5 

01 

01 

01 

01 

01 

01 

01 

01 

11 

11 

21 

21 

31 

31 

41 

41 

51 

51 

011 

011 

011 

011 

011 

011 

011 

011 

111 

311 

0111 

0011 

0111 

0311 

0111 

190011 

190300 

190550 

190000 

190102 

190203 

191251 

192201 

193040 

194102 

194104 

194501 

195014 

195001 

195200 

195300 

195400 

195421 

195500 

195504 

195521 

195530 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

190000 

190211 

190414 

190141 

190004 

190141 

190511 

191350 

192104 

193044 

193320 

194015 

194220 

195111 

195030 

195025 

195200 

195304 

195405 

195440 

195500 

195505 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

190011 

190040 

190120 

190245 

190110 

190001 

190500 

190252 

191000 

191501 

192051 

192545 

193010 

193402 

194030 

194023 

194300 

194500 

195001 

195031 

195000 

195100 

195521 

195554 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

190414 

190045 

190112 

190423 

190051 

191434 

193105 

193520 

194201 

195001 

195000 

195200 

195333 

195422 

195500 

195511 

195530 

195540 

195550 

195552 

195554 

195555 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

190301 

190530 

190012 

190110 

190400 

190500 

191505 

192420 

193130 

194000 

194311 

195010 

195040 

195155 

195303 

195401 

195510 

195505 

195523 

195541 

195551 

195552 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

190040 

190310 

190501 

190000 

190050 

190001 

191103 

191510 

192204 

193015 

193400 

194002 

194215 

194540 

195001 

195003 

195120 

195230 

195320 

195405 

195432 

195504 

195555 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 
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Sample 

size 

Distribution 

Wiebull(1.5, 1) 

(Skewness = 2.00, Kurtosis = 9.00) 

 

Power of test 

Exp(0.5) 

(Skewness = 2.00, Kurtosis = 9.00) 

 

Power of test 

AD JB LI AD JB LI 

3 

4 

5 

01 

01 

01 

01 

01 

01 

01 

01 

11 

11 

21 

21 

31 

31 

41 

41 

51 

51 

011 

011 

011 

011 

011 

011 

011 

011 

111 

311 

0111 

0011 

0111 

0311 

0111 

190204 

190004 

190205 

190000 

192000 

193305 

194315 

195000 

195220 

195405 

195504 

195531 

195544 

195551 

195554 

195555 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

190050 

190201 

190520 

190021 

190503 

192042 

193040 

194000 

194402 

195041 

195144 

195325 

195433 

195504 

195530 

195543 

195550 

195553 

195554 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

190102 

190011 

190310 

190550 

190042 

191401 

192505 

193401 

194101 

195103 

195041 

195202 

195325 

195420 

195500 

195512 

195532 

195544 

195551 

195553 

195555 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

190220 

190001 

190204 

190002 

192010 

193310 

194314 

195002 

195230 

195403 

195500 

195523 

195542 

195550 

195553 

195555 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

190010 

190210 

190520 

190050 

190514 

192051 

193043 

194003 

194401 

195051 

195130 

195320 

195434 

195505 

195525 

195543 

195550 

195554 

195555 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

190120 

190020 

190242 

190103 

190101 

191401 

192501 

193401 

194104 

195101 

195030 

195200 

195330 

195423 

195503 

195520 

195533 

195551 

195550 

195553 

195554 

195555 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 
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Sample 

size 

Distribution 

Beta(2, 5) 

(Skewness = 0.60, Kurtosis = 2.88) 

 

Power of test 

2 (3) 

(Skewness = 1.63, Kurtosis = 7.00) 

 

Power of test 

AD JB LI AD JB LI 

3 

4 

5 

01 

01 

01 

01 

01 

01 

01 

01 

11 

11 

21 

21 

31 

31 

41 

41 

51 

51 

011 

011 

011 

011 

011 

011 

011 

011 

111 

311 

0111 

0011 

0111 

0311 

0111 

191240 

191301 

191350 

191415 

190020 

190041 

190400 

190001 

190205 

190141 

190101 

190500 

190031 

190340 

191015 

191134 

191522 

192000 

192241 

193101 

193022 

193150 

195000 

195421 

195533 

195553 

195555 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

191200 

191200 

191222 

191311 

191421 

190101 

190041 

190005 

190100 

190310 

190520 

190000 

190103 

190400 

190004 

190050 

190434 

190020 

190311 

191000 

191111 

191512 

194501 

195402 

195540 

195554 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

191200 

191230 

191300 

191314 

191512 

190005 

190013 

190210 

190402 

190141 

190011 

190130 

190401 

190131 

190004 

190132 

190401 

190113 

190000 

190141 

190315 

191103 

193101 

194000 

195002 

195200 

195401 

195504 

195534 

195550 

091111 

091111 

091111 

091111 

091111 

091111 

190414 

190045 

190112 

190423 

190051 

191434 

193105 

193520 

194201 

195001 

195000 

195200 

195333 

195422 

195500 

195511 

195530 

195540 

195550 

195552 

195554 

195555 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

190301 

190530 

190012 

190110 

190400 

190500 

191505 

192420 

193130 

194000 

194311 

195010 

195040 

195155 

195303 

195401 

195510 

195505 

195523 

195541 

195551 

195552 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

190040 

190310 

190501 

190000 

190050 

190001 

191103 

191510 

192204 

193015 

193400 

194002 

194215 

194540 

195001 

195003 

195120 

195230 

195320 

195405 

195432 

195504 

195555 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

091111 

 
 
  


