Journal of Fractional Calculus and Applications
Vol. 9(2) July 2018, pp. 34-48.

ISSN: 2090-5858.
http://fcag-egypt.com/Journals/JFCA/

QUALITATIVE PROPERTIES OF SOME HIGHER ORDER
DIFFERENCE EQUATIONS

H. EL-METWALLY, E.M. ELABBASY AND A. ESHTIBA

ABSTRACT. The main objective of this paper is to study the global attractivity,
and the boundedness for the solutions of the rational difference equation

P q
/an—k: + TTr—m
AzP? _ + Bzx?

n—k n—m

Tpt1 =+ n >0,

where the parameters «, 3,7, A, B,p and ¢ € (0,00) and the initial condi-
tions ®_;,T_y41,...,&—1, 20 where [ = max{k, m} are positive real numbers.

1. INTRODUCTION

Recursive sequences are also often called difference equations, which are very
important in mathematical theory and application [1-13]. Hence, it is very valuable
to investigate the behavior of solutions of the system of difference equations and to
present thestability character of equilibrium points.

In this paper we study the global attractivity, and the boundedness for the
solutions of the rational difference equation

ﬁxﬁ_k + 737me
Azl + Bzl

n—m

Tpy1 =+ n >0, (1)
where the parameters «, 3,7, A, B,p, and ¢ € (0,00) and the initial conditions
X[, T_y41,.-,T_1,2Zo Where | = max{k, m} are positive real numbers.

Here, we recall some notations and results which will be useful in our investiga-
tion.

Let I be an interval real numbers and let f : I¥*! x I — I be continuously
differentiable function. Consider the difference equation

Tn+1 :f(x7u-rn—17--~7xn—k)7 n=0,1,2,.., (2)

with x_g, 2 _g41,...,20 € I. Let T be the equilibrium point of Eq..
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The linearized equation of Eq. about the equilibrium point T is

Yn+1 = P1Yn + P2Yn—1 + o + Dhkt1Yn—k;
where p; = %(ﬁf, X)), 1=0,1,... k.
Theorem A [15]: Assume that p1,pa,...,pr+1 € R. Then
k+1

Z |pz |< ]-7
=1

is a sufficient condition for the locally stability of Eq..

Theorem B [15]: Consider the difference equation
Yn+1 :g(ynw“ayn—k)a n=0,1,.., (3)

where g € C[(0,00)%*1, (0, 00)] is increasing in each of its arguments and where the
initial conditions y_g, ..., yo are positive. Assume that Eq. has a unique positive
equilibrium = and suppose that the function h defined by

h(y) =9,y -y), y € (0,00),

satisfies

(hy) —y)y—7) <0 for z#T.
Then 7 is a global attractor of all positive solutions of Eq..

Consider the difference equation
Tnt1 = f(Tn,Tn—1), n>0. (4)
Theorem C [14]: Let [a, b] be an interval of real numbers and assume that
f:la,b] x [a,b] — [a,b]
is a continuous function satisfying the following properties:
(a) f(x,y) is non-increasing in = € [a,b] for each y € [a,b] , and f(z,y) is
non-decreasing in y € [a, b] for each z € [a, b];
(b) Eq.(4) has no solutions of prime period two in [a, b].

Then Eq. has a unique equilibrium Z € [a,b] and every solution of Eq.
converges to T.

2. Main Results

The work of this paper dividel into two parts; Part I concerned with the special
cases of Eq. and Part IT deals with the general Eq..

Part 1

Here, we consider the following cases of Eq..
(1) Whenever A =~ =0 then Eq.(l]) has the form
By _i

Bzl _

n—m

Tpy1 =@+ n > 0. (5)
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(2) Whenever A = 0 then Eq.(I) has the form

D q
_ anfk + VYTrn—m
Tpn41 = +——

Bx?L—m ’
or Ba?
T
Tpi1 =C n=k >0 6
n+1 + Bm%,m - Yy ( )

a
B
B =0 then Eq. has the form

q

’)/In—nz
y4 b)

Az,

4. Whenever B = 0 then Eq. has the form

6$£7k + 'Yx;]z—m

where C' = a +
3. Whenever 5 =

Tpal =+ n > 0. (7)

Tnt1 =+

Az 7
or q
V-
wi1 =D . n >0, 8
T +1 + szik n ( )

where D =a + %
5. Whenever § = 0 then Eq. has the form

q
TLp—m

Tpp1 =+ Aa? + Bl n > 0. (9)
6. Whenever v = 0 then Eq. has the form
BIZ—k
Tpy1 =+ A? + Bal n > 0. (10)

In the following we investigate the behavior of the solutions to the special
cases of Eq..

Case 1. Study of Eq.(f)

In this section, we study the local stability, the boundedness, global attractivity,
oscillatery, and periodicity for the solutions of the equation

P
Ln—k

Bx

Tpt1 =+ , n=>0.

q
n—m

Local Stability and boundedness of Eq.

It is easy to see that Eq. has a unique positive equilibrium point and is given

by
_ pz®
Tr=oa+ Bzl
Let f :(0,00)? — (0,00) be a function defined by
P
fluw)=at 20
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Therefore,

p—1 q=1yp
Of(u,v) _ ppu . and 0f(uw, ) pqv W
ou ve v (v9)?

where E = %. Set
p1=EpzP~97!,  and py = —Eqz’ 1L
Then the linearized equation of Eq. about 7 is
Yn+1 + P2Yn—m + P1Yn—k = 0,
where po = —f.(Z,Z), and p; = — f,(T,T). whose characteristic equation is
ML g X L = 0.
Theorem 1. If T < ﬁm7 then the positive equilibrium point T of Eq.(ﬁ)
is locally asymptotically stable, and is called a sink.

Proof. We set p; = Epz?~% !, and p, = —Fqz?~ 9. Then

Ip1| + |p2| < 1< EpzP~ 9t + BgzP~ 1! < 1,
which is valid iff

zpta-1 1 .
E(p+q)
So by Theorem A T is locally asymptotically stable when T < 1

Here, we investigate the bounded character of Eq..

Theorem 2. If 0 < p < 1, then the Eq.(@ 18 bounded and persists.
Proof. Assume that {z,} be a solution of Eq.. We obtain from Eq. that

Tpy1 > a, formn >0.
Hence {z,} persists. It follows again from Eq.(5] that

Tpy1 <a+ Lab

where L = Bfi <. Now we consider the difference equation
Ynt1 =+ Lyb, forn > 0. (11)
Let {y,} be a solution of Eq.(L1)) with yo = . Then obviously
Tnt1 < Ynt1, forn=0,1,....
We shall prove that the sequence {y,} is bounded. Let
f(x) = a+ LaP.
Then
f(@)=Lpz*~' >0, and f (z)=Lp(p—1)a""2<0.

Therefore the function f is increasing and concave . Thus we obtain that there is
a unique fixed point y* of the equation f(y) = y. Also the function f satisfies

(fly) —y)y—9y") <0, ye(0,00).
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It follows by Theorem C that y* is a global attractor of all positive solutions of
Eq.(11) and so {y,,} is bounded. Therefore from Eq.(5) the sequence {z,} is also
bounded. This completes the proof of the theorem. O

Global attractivity for Eq.

Here we study the global asymptotic stability of the positive solutions of Eq..

Theorem 3. Assume that 0 < p <1< q, a > E(p+q— 1)(1*;+1. Then every
positive solution of Eq.@ converges to the unique positive equilibrium point T of
Eq.(@.

Proof. Note that when 0 < p < 1 < ¢, it was shown in Theorem 2 that every
positive solution of Eq. is bounded. Then we have the following
s = lim infx,, and S = lim supz,.
n—oo n—oo
It is clear that s < .S. We want to proof that s > S. Now it is easy to see from
Eq. that
sP

SZOH—ESq,

SP
and S<a+ FE—.
s4
Thus we have

$S? > aS?1+ Es?, and 595 <as?+ ESP.

Thus

as? 187 + FsPsi™! < 0598971 + FSPSIL,
Then we get

ST 151§ — 5) < B(SPTaTl — gptaly
So

gpr+a—1 _ gptg—1
S—s
If we consider the function zPT971, then there exists a ¢ € (s, S) such that

alS? 17 < |

(12)

Spta—1 _ gp+q—1
S—s
Theen from and we get
ST s < E(p4q—1)SPT12

=(p+q—1)FT 2 < (p+q—1)5PH2% (13)

or
aStPsT < B(p+q—1).
Since S > « and s < «. Then we obtain
aad TPl = TP < E(p+q—1).

which contradicts to 0 < p < 1 < ¢. Which implies that s = S. Thus the proof
is complete. 0

Example 1. Figure (1) shows the global attractivity of the equilibrium point T =
1.1837 of Eq.@ whenever x_y = 5.6487, zo = 1.0231, p = 0.5, ¢ = 0.9, a = 0.7,
£ =0.19, and B = 0.52.
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Figure (1)

Oscillatery of the solutions for Eq.

oscillatory solutions.

In the next theorem, we study the oscillatery character of Eq..
Theorem 4. Assume that k is odd and m is even and m < k, then Eq.(@ has

Proof. Case (1) let {z,,} be a solution of Eq.()with
TkyT—k+1s--yL—1 > z,

and T_op41, Tomtd, e To < T
We get from Eq. that

B
Ty =a+ k

TP
g ZQ ;
Bz?
and

D
Bl
To =+ m+l

=D
7 <a+ bz
Bx?,
Then, the result follows by induction.
Case (2) let

L—msT—m+1, -5 L0 > z,

and T_p41, T fg1ye, o1 < T
is similary the case (1). Then it will be omitted.
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Example 2. Figure (2) shows the oscillatory solutions of Eq.(@ whenever x_1 =
1.6487, g = 2.0231, « =0.23, p=0.2, ¢ =2, 3 =0.9, and B = 0.5.

Periodicity for Eq.

The next theorem deals with the existence of periodic solutions to Eq.

Theorem 5. Let k is odd and m is even. If <0 < p <1 < g, then a solution of
Eq.@ is a periodic solution of priod period two.

Proof. Let {x,} be a solution of Eq., with the initial values, we must find some
positive numbers x_1, x¢ such that

aBzd + pa® | aBz? | + Baf

1= Bal , and zp=a-+ Ba®, (14)
Let z_ = z, and 29 = y, then we obtain from
_ aBy?+ pa? __aBz?+ By?
= —Byq , and y= B (15)

Now we want to prove that has a solution (x,y), > 0, y > 0. From the
first relation of we have

(16)
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From and the second relation of we get
2,2
ﬂ%x% B%xp q 0
_ o=
B%(x—a)% BpTﬂ(x—a)g
Now define the function
1 B.1 » B pta p2-q> 1
flz) = T((H)izs—(Z) 72 @ (e-a)7)—a x>a (17
@ BB
Then
lim f(z) =00, lim f(z)=—a.
r—at T—00
1p
Hence Eq. has at least one solution z > «. Then if 7 = f(q””q T we have
Ba(z—a)4

that the solution {z,}3% _; is periodic of prime period two. Thus the proof is

complete.

O

Example 3. Figure (3) shows the periodicity solutions of Eq.(@ whenever x_1 =

1737, 39 = 2423, a = 0.7, p=0.2, g = 4, B = 0.5, and B = 0.32.

80 1 ¥ T 1 T 1

70+ || |
60 I

50t (1]

FHr

Figure (3)

Case 2. Study of Eq.(0)

35

This equation is similar of Eq. and its investigation is similar to Eq. and

so will be omitted.
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Case 3. Study of Eq.(7)

The proofs of the theorems in this section are similar to the proofs of the theorems
in Section 3 and will be left to the reader.

Theorem 6. If T < ﬁm, then the positive equilibrium point T of Eq.(ﬂ)
is locally asymptotically stable, and is called a sink.

Theorem 7. If 0 < q < 1, then the Eq.@ is bounded and persists.

Theorem 8. Assume that 0 < ¢ < 1 <p, a« > F(q¢+p — 1)?*(11“. Then every
positive solution of Eq.@ converges to the unique positive equilibrium point T of

Eq.(@.

Theorem 9. Assume that m is odd and k is even and k < m, then Eq.@ has
oscillatory solutions.

Theorem 10. Let m is odd and k is even. If < 0 < q < 1 < p, then Eq.(@ has
periodic solutions of priod two.

Case 4. Study of Eq.

This equation is similar of Eq. and its investigation is similar to Eq.@ and
so will be omitted.

Case 5. Study of Eq.(9)

Local Stability and boundedness for Eq.@

Eq.@ has a unique positive equilibrium point and is given by

- gz
TEOT oy B
Let f :(0,00)? — (0,00) be a function defined by
pu?
fluv) =a+ AuP + aBvi’
Therefore,
Of (u,v)  ABpviuP~? of (u,v) BBqui—luP
ou (AuP + Bv9)?’ and o (AuP 4+ Bv1)?’
Set
ABpzatr—1 Bpgzitr-1
and po = —

P e+ B
Then the linearized equation of Eq.@[) about 7 is

(Az? + Bz7)?’

Ynt1 + P2Yn—m + P1Yn—k = 0,
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where po = —f,(Z,Z), and p; = — f,(T,T). whose characteristic equation is

)\k-'rl +p2>\k—m +p1 — 0

Fpta—1

Theorem 11. If AP 1Bz < ﬁB(p+q),
Eq.(@ is locally asymptotically stable, and is called a sink.

then the positive equilibrium point T of

_atp—1 —q+p—1
Proof. We set p; = %, and py = 7%. Therefore
Appzatr—1 BpBgzatr—1

Ip1| + |p2| < 1 & <1.

(Az" + Ba")? | (A" + Ba')?

which is valid iff
zPta—t 1

< .
(AzP + Bz?)2 " BB(p+4q)
So by Theorem A T is locally asymptotically stable when T A;;jr;;q)z <3 B(p r B

Theorem 12. If0 < p < 1, then the Eq,@ s bounded and persists.
Proof. Assume that {z,} be a solution of Eq.@. We obtain from Eq.@ that

Tpy1 > a, formn >0.

Hence {z,} persists. It follows again from Eq.(9) that
2P 2P

Tp—k Lp—k
x"+1§a+7AaP+Baq§a+7Ba for n>0.

The rest of the proof is similar to the proof of the Theorem 2 and will be omitted. [

Global Stability of Eq.@

In this section we investigate the global asymptotic stability of Eq.@.

Theorem 13. The positive equilibrium point T is a global attractor of Eq.(@. If

(AM" + Bm®)(Am? + BM?) # BB() o/~ ' MPFI % "aPHeinri=t) - (18)

i=1 i=1
P
where M is given by M = o + AQEJKBM
Proof. We can see that the function
_ puP
fluv) =a+ AuP + Bo?’

is increasing in u and decreasing in v. Since Eq.@ is bounded by Theorem 2.
Suppose that (m, M) is a solution of the system

M= f(M,m), and m= f(m,M).
We obtain from Eq. that

MP p
p and m=a+ pm

M=y M _ pmr
T AMP + Bma’ AmP + BM4

Thus
(M —m)(AMT + Bm?)(AmP + BM?) — BR(MPT1 — mP+?) = (.
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Then we obtain

(M—m)[(AM"+Bm?)(AmP+BM*)~BB(> o'~ MPHI= 4y "aPta=ipr=1)] = 0
i=1 i=1
Scien the condition holds, then we get
M=m

It follows by Theorem C that T is a global attractor of Eq.@l), and then the proof
is complete.

O

Example 4. Figure (4) shows the global attractivity of the equilibrium point of
Eq.(@) whenever x_1 = 5.4235, xg = 8.987, p = 0.2, ¢ = 0.3, o = 0.6, 5 = 0.4,
A =0.4521, and B = 1.563.

g i t T T T T
/|
gr I.-"'l II|I y
J' I|I
[ A 1
1
.'llll II|
g _.'" I|I 7
\
II
5t \ 1
|
I|
4 L |I =
|II
I|
3t \ -
I|
I|
2 I|
|II
I|
1h I -
Q 1 Il I, 1 | .
1 2 3 4 5 5 7 8 g 16 11
Figure (4)

Case 6: Study of Eq.(10

This equation is the same of Eq.@[) and its investigation is similar to Eq.@[) and
so will be omitted.

Part 11
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Now we investigate the behavior of the solutions of Eq..

Local Stability of the Equilibruim Points the boundedness of Eq..

In this section we study the local stability character of the positive equilibrium
points of Eq.. Eq. has a unique positive equilibrium point and is given by

B BTP + 7l
T=at AzP + ;mq
Let f : (0,00)? — (0,00) be a function defined by
uP v
flu,v) =a+ %.
Therefore,
Of (u,v) pviuP~1(BB — Avy) Of (u,v) quPvi—Y(BB — Av)
o (AuP + Bv9)2 ' and v (Aup 4+ Bv1)?
Set
pfp-irq—l(Bﬁ — Av) q§p+q—1(35 — A7)
p1 = and  pp = —

(Az? + Bz1)2
Then the linearized equation of Eq. about T is

(AzP + Bz?)?

Yn+1 + D2Yn—m + P1Yn—k = 07
where po = — f,(Z,T), and p1 = — f,(T,T). whose characteristic equation is

)\k-'rl +p2)\k—m +p1 — 0

Fpta—1

A B
Theorem 14. If & < 5 and A7 TBz)? < Fa)
rium point T of Eq. 18 locally asymptotically stable, and is called a sink.

éﬁ*Av)’ then the positive equilib-

Proof. We set p; = w, and ps = @B A So by Theorem A

(AzP+B14)? (AzP+B79)?
pzP TN (BB — Ay) | qzPTTH(BS — Ay)
l& 1.
[Pl + [p2] < (Az? + Bz9)? (A7 + B9)?
which is valid iff
zpta—1 1
< .
(AzP + Bz1)? ~ (p+q)(BS — Ay)
So 7 is locally asymptotically stable when i Ag,f:g;q)g < G é A a

Theorem 15. FEvery solution of E'q. is bounded and persists.
Proof. Let {x,} be a positive solution of Eq.. We obtain from Eq. that
Tpy1 > o, for n>0.
Hence {z,} persists. It follows again from Eq.(T)) that
N e L.
AP+ Bal_

ma'X{B7 ’Y}(Q?n—k + -'L‘nfm) o maX{/Ba ’Y} _
min{A, BNz g+ Tnm) ot min{4, B} M.

Tpn+1 = a+
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Thus we get

max{f3,7}

0 < n .
<a<lczx <a+m1n{A7B}

=M <oo, foralln>1.

Therefore every solution of Eq. is bounded and persists. Hence the result
holds. (]

Global Stability of Eq.

In this section we investigate the global asymptotic stability of Eq..

Theorem 16. If (BA—A) (Y. o~ 1 MPTI=i4 S qPTa=iMi=1) £ (AMT +Bm)(AmP+
i=1 i=1

BM?), and % < %, then the positive equilibrium point T is a global attractor of
Eq..

Proof. We can see that the function

_ BuP + ~yv9
flwv) =t o B

is increasing in u and decreasing in v. Suppose that (m, M) is a solution of the
system

M= f(M,m), and m= f(m,M).
We obtain from Eq. that

BMP + ym4
AMP + Bma’

BmP + M9

d = P B

M=o+

Thus

(M—m)[(BB—Ay)(D o'~ ' MPTI7I4 Y "aP e~ M=) —(AM "+ Bm?)(AmP+BM?)] = 0.
i=1 i=1
Since BfS > A~,
(BB — Ay)(S_at~tMpra—i 4 ST qpta-ipfi=l) £ (AMP + Bm?)(AmP + BMY)
i=1 i=1
hold. Then we obtain
m = M.

It follows by Theorem C that T is a global attractor of Eq., and then the proof
is complete. O

Example 5. Figure (5) shows the global attractivity of the equilibrium point of
E'q. whenever x_1 = 2.4235, xop = 1.987, p = 0.7, ¢ = 0.9, a = 0.6, § = 0.4,
v=0.2, A=0.4521, and B = 0.52.
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25 1 r 1 1 1 1 1 1 1

241 _

iR ;

16 -

Figure (5)
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