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1. Introduction

Let 1 <p <oo and X = (X,d, u) be a complete metric space endowed with a metric d and a positive complete Borel
measure i which is doubling, i.e. there exists a constant C > 0 such that for all balls B=B(x,r) :={y € X: d(x,y) <r}in X
we have

0 < 4(2B) < Ciu(B) < o0,

where B = B(x, tr). The doubling property implies that X is complete if and only if X is proper, i.e., closed bounded sets
are compact. We also require the space X to support a p-Poincaré inequality, see Section 2 for the definition.

In a metric space the gradient has no obvious meaning as in domains in R". Therefore the concept of an upper gradient
was introduced in Heinonen and Koskela [16] as a substitute for the modulus of the usual gradient. This makes it possible
to define and study Sobolev spaces in metric spaces. There are many notions of Sobolev spaces in metric spaces; see for
example Cheeger [9], Hajlasz [14] and Shanmugalingam [22,23]. We shall follow the definition of Shanmugalingam [22],
where the Sobolev spaces NP (X) (called Newtonian spaces) were defined as the collection of p-integrable functions with
p-integrable upper gradients.

Newtonian spaces N'P(X) enable us to study variational integrals in metric spaces and to build a nonlinear potential
theory for minimizers of the p-Dirichlet integral

/gﬁdu, Q)

where g, denotes the minimal p-weak upper gradient of u, whose existence and uniqueness were proved in Shanmu-
galingam [22]. Existence and uniqueness of minimizers of (1) were obtained in Shanmugalingam [23]. It was shown, in
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Kinnunen and Shanmugalingam [19], that under certain conditions on the space X, minimizers of (1) satisfy the Harnack
inequality and the maximum principle, and are locally Hoélder continuous.

Potential theory in metric spaces has been studied in the last fifteen years in many papers. The Dirichlet problem for
minimizers was considered e.g. in Bjorn and Bjorn [1,2], Bjorn, Bjorn and Shanmugalingam [5,6] and Shanmugalingam
[22,23].

Let 2 be a bounded open subset of X whose complement has positive capacity. We minimize the p-Dirichlet integral (1)
on £2 among all functions which have prescribed boundary values f and lie between two given obstacles v and .
The minimizer is called a solution of the KCy, 4, r(£2)-problem. This generalizes the Euclidean obstacle problem based on
equations of p-Laplace type as e.g. in Kinderlehrer and Stampacchia [17] and Maly and Ziemer [21], see also Section 5.3
in [21] and the references therein. In particular existence and regularity for the solutions were shown. Further results about
the obstacle problem in R" can be found in Heinonen, Kilpeldinen and Martio [15], which concerns the single obstacle
problem. In Dal Maso, Mosco and Vivaldi [10] the double obstacle problem in R" was considered for p =2 and f =0.

In the general setting of metric measure spaces, the single obstacle problem in metric spaces has been investigated
in Kinnunen and Martio [18], where it was shown that there is a unique solution, up to equivalence in N:P(X), of the
single obstacle problem which satisfies the weak Harnack inequality and has a lower semicontinuous representative. In Far-
nana [11-13] the double obstacle problem on metric spaces was studied. In particular existence, uniqueness and regularity
of the solutions were shown.

If £2 is not regular, then for some f € C(3£2), the solution of the Dirichlet problem for harmonic functions does not
attain the boundary values at some points. This led Wiener [24] to his definition of generalized (Wiener) solutions of the
Dirichlet problem which is based on approximating 2 by regular sets (e.g. polyhedra) and showing that the solutions of
the Dirichlet problem in these sets converge, in some sense, to a unique harmonic function. In metric measure spaces it has
been shown that any open set £2 can be approximated by regular sets and moreover there exists a unique Wiener solution
of the Dirichlet problem for f € C(942), see Bjorn and Bjorn [2], Theorems 1.1 and 4.2.

In this paper we study various convergence properties of the obstacle problem. In particular, we consider an increasing
sequence of open sets §2; whose union is £2. We analyze the convergence of the solutions u; of the obstacle problems
corresponding to the sets £2;. In this work we give several generalizations of Theorem 4.3 in Bjérn and Bjérn [2]. Our
purpose here is to give sufficient conditions on the obstacles and the boundary values which imply that the sequence of
solutions u; converges to the solution of the obstacle problem corresponding to the set £2, in some sense.

In particular we have the following result as a special case of Theorem 4.1.

Theorem 1.1.Let 21 C 2, C---C 2 = Uj; £2j beopensetsand f e NU-P(£2). Then

H_ij—>Hf as j — oo,

locally uniformly in §2, where Hg, f is the p-harmonic extension of f to §2; (the continuous solution of the K _oo o, f (§2j)-problem)
and Hf is the p-harmonic extension of f to £2.

This extends Theorem 4.3 from Bjérn and Bjérn [2] where a similar result was proved for f e C(£2).

Moreover, we extend the previous result to double obstacle problems i.e. for /1 > —oco and y» < co. In order to obtain
convergence of solutions we impose some additional assumptions on the boundary values, the obstacles and the set 2. In
particular we obtain the following result which is essentially a special case of Theorem 4.2, see also Theorem 4.3.

Theorem 1.2. et 21 C §2, C---C 2 = U;’il £2j be open sets and f € NLP(£2) N C(2). Let also vy : 2 — [—o0, 00) and Yy :

£ — (—00, o0] be continuous (as R-valued functions) and such that ¥1 < f < ¥ in £2. Then the continuous solutions uj of the
Ky v, £ (82)-problems converge q.e. in £2 to the continuous solution u of the Ky, y, r(§2)-problem.

2. Notation and preliminaries

A nonnegative Borel function g is said to be an upper gradient of an extended real-valued function f on X if for all
rectifiable curves y :[0,1,] — X parameterized by arc length ds, we have

1f(y©) - F(ya,))| </gds (2)
Y

whenever both f(y(0)) and f(y(ly)) are finite, and fy gds = oo otherwise. If g is a nonnegative measurable function on X
and if (2) holds for p-almost every curve, then g is a p-weak upper gradient of f.

By saying that (2) holds for p-almost every curve we mean that it fails only for a curve family with zero p-modulus,
see Definition 2.1 in Shanmugalingam [22]. If f has an upper gradient in LP (X), then it has a minimal p-weak upper gradient
g5 € LP(X) in the sense that for every p-weak upper gradient g € LP(X) of f, gf < g a.e., see Corollary 3.7 in Shanmu-
galingam [23].
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The operation of taking the upper gradient is not linear. However, we have the following useful property. If a,b € R and
g1 and g, are upper gradients of u; and u; respectively, then |a|gq + |b|g2 is an upper gradient of auq + bu;.

In Shanmugalingam [22], upper gradients have been used to define Sobolev type spaces on metric spaces. We will use
the following equivalent definition.

Definition 2.1. Let u € LP(X). Then we define

1/p
lullytexy = <f|u|pdu+/g5du> )
X X

where g, is the minimal p-weak upper gradient of u. The Newtonian space on X is the quotient space

NYP(X) = {u: [lullyipo <00}/ ~,

where u ~ v if and only if [[u — v{|y1.5x) =0.
The space N'P(X) is a Banach space and a lattice, see Theorem 3.7 and p. 249 in Shanmugalingam [22].

Definition 2.2. The capacity of a set E C X is defined by

Cp(E) =inf iy x)-

where the infimum is taken over all u € NIP(X) such that u>1 on E.

We say that a property holds quasieverywhere (q.e.) in X, if it holds everywhere except on a set of capacity zero. New-
tonian functions are well defined up to sets of capacity zero, i.e. if u,v € N:P(X) then u ~ v if and only if u =v qe.
Moreover, Corollary 3.3 in Shanmugalingam [22] shows that if u,v e N"P(X) and u =v ae., then u=v ge.

We shall need the following result. For a proof see Corollary 3.3 in Bjorn, Bjérn and Parviainen [4].

Lemma 2.3. Assume that {uj}j:1 is a bounded sequence in NP (X) and that uj—ugqeinX. Thenu e NP (X) and

[ ehaw <timint [ gf,au.
j—o0
X X

From now on we assume that X supports a p-Poincaré inequality, i.e. there exist constants C > 0 and A > 1 such that for
all balls B(z,r) in X, all integrable functions u on X and all upper gradients g of u we have

1/p
][ |U—u3(z,r)|dM<C1’< ][ gpdl/«> ,
B(z,r) B(z,Ar)

where up ) = fB(Z’r) udpu.

Under the above assumptions, every function u € N"P(X) is quasicontinuous, i.e. for every & > 0 there is an open set
G C X such that Cp(G) < ¢ and u|x\¢ is continuous, see Theorem 1.1 in Bjorn, Bjérn and Shanmugalingam [7]. Moreover,
when restricted to R" the Newtonian space N'P(R") is the refined Sobolev space W!:P(R"), as defined in Chapter 4 in
Heinonen, Kilpeldinen and Martio [15].

For £2 C X open we define the space N'-P(£2) with respect to the restrictions of the metric d and the measure y to £2.
It is well known in the field that the restriction to £2 of a minimal p-weak upper gradient in X remains minimal with
respect to 2, see Bjorn and Bjorn [3].

A function u is said to belong to the local Newtonian space Nfo*f(fz) if u e N'P(G) for every open G € £2, where by
G € £2 we mean that the closure of G is a compact subset of £2.

To be able to compare the boundary values of Newtonian functions we need to define a Newtonian space with zero
boundary values outside of £2 as follows

NgP(2)={flo: feN"P(X)and f =0qe.in X\ 2}.

Under our assumptions, Newtonian functions with compact support are dense in Né’p(.Q), see Shanmugalingam [23].

Moreover the proof of this result in Bjorn and Bjorn [3] shows that if 0 < u € Né’p(Q), then we can choose the Newtonian
approximations to be nonnegative and pointwise smaller than the function u.
We assume throughout the rest of this paper that £ C X is a nonempty bounded open set such that Cp(X \ £2) > 0.
Also, the letter C represents various positive constants whose values can change even within the same line of a calculation.
We shall need the following Poincaré type inequality. For a proof see e.g. Kinnunen and Shanmugalingam [19], Lemma 2.1.
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Lemma 2.4. There exists a constant C > 0 such that for all u € N(l)’p(.Q) we have

/Iul”duécfgﬁdu-
2

2

The following definition is slightly different from the notation used in Kinnunen and Martio [18]. We use g.e. inequalities
rather than a.e. inequalities as in [18], for more discussion see p. 265 in Farnana [11].

Definition 2.5. Let V C X be a nonempty bounded open set such that C,(X\ V) >0, let f € N“P(V) and v;:V — R,
i=1, 2. Then we define the obstacle problem with obstacles v, ¥, and boundary values f by

Ky f (V) ={veNVP(V): v— feNyP(V)and 1 < v <y qe.in V],
Furthermore, a function u € KCy, y, (V) is a solution of the ICy,, y, f(V)-problem if

/gf,) du < / ghdu forallve Ky v, f (V).
14 4
We also let Ky, v, 5 =Ky . f(82), Ky (V) =Ky 0o, s (V) and Ky r =ICy 5 (£2).

A function u € Nfo'f(g) is a minimizer in £2 if it is a solution of the K_ 4 ($2')-problem for every open 2’ € £2.
Similarly, a function u € Nllo’cp (£2) is a superminimizer in £2 if it is a solution of the K, ;,(§2’)-problem for every open 2’ € £2.
A solution of the Ky g-obstacle problem is a superminimizer in £2, but the converse is not true in general. However, if
u e NVP(£2) and u is a superminimizer in £2, then u is a solution of the Ku u(82)-obstacle problem. We also say that u is
a subminimizer if —u is a superminimizer.

The following result, which we will need later, is a combination of Theorem 4.2 and Remark 4.4 in Kinnunen and
Shanmugalingam [19] and Lemma 4.1, Theorem 4.4 and Remark 4.5 in Kinnunen and Martio [18].

Proposition 2.6. Let u € N}O*f(.o) and B(x,r) C §2. Assume that either

(a) u is a solution of the ICy, ¢ (§2)-problem and k >  q.e. in B(x,1); or
(b) u is a subminimizerin 2 and k € R.

Then forallqg > 0andr > 0,

1/q
esssupu <I<+C< ][ (u —k)idu) .
B(x,r/2)

B(x,r)

We shall need the following results from Farnana [11].

Theorem 2.7. Let f e NVP(2)and v : 2 - R, i=1,2. If Ky, .y, 5 is nonempty, then there is a unique solution (up to equivalence
in NP (£2)) of the KCyy, y,. p-problem.

Lemma 2.8. Let v, ¥/, ¢, ¢' : 2 — Rand f, f' € NLP(2). Let u be a solution of the Ky, r-problem and u’ be a solution of the

Ky, f-problem. Assume that (f — f') 1 € N(l)’p(Q) and that < ' and ¢ < ¢’ g.e.in 2. Thenu < u’ q.e.in 2.
Moreover if u and u’ are continuous then u < u’ everywhere in £2.

The following result shows that we can obtain a continuous solution of the obstacle problem if the obstacles are con-
tinuous. It extends Theorem 3.9 in Farnana [11] to the R-valued continuous obstacles. For a proof see Corollary 3.4 in
Farnana [12] and Theorem 3.10 in [11].

Theorem 2.9. Let /1 : 2 — [—00, 00) and Y : §2 — (—o0, o] be continuous (as R-valued functions). Let also f € NVP(§2) and
assume that KCy, . r(£2) is nonempty. Then there exists a continuous solution u in §2 of the ICy,, v, s (§2)-problem. Moreover, u is a
minimizer in the open set {x € 2: Y1 (x) < u(x) < ¥ (x)}.

A function v : 2 — R is p-harmonic in £2 if it is a continuous minimizer.
If £ is bounded and Cp(X \ £2) > 0, then for every f € C(3£2) there exists a unique bounded p-harmonic function
Hg f = Hf in §2 such that
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lim Hf(x)= f(xo) forq.e.xp€ds2, 3)
235x—Xg

see Theorem 6.1 and Corollary 6.2 in Bjorn, Bjérn and Shanmugalingam [6] together with Theorem 3.9 in Bjorn, Bjorn and
Shanmugalingam [5].

Definition 2.10. Let £2 be bounded with C,(X \ £2) > 0. A point xg € 952 is regular if
lim Hf(x) = f(xo) forall f e C(3£2).
25x— X0
If all xp € 952 are regular, then §2 is regular. We also say that xo € 952 is irregular if it is not regular.

Regularity can be characterized in many different ways, see Bjéorn and Bjorn [1], Theorem 6.1 and Farnana [11], Theo-
rem 4.7.

The following property is called the Kellogg property: If I, denotes the set of all irregular points in 952, then C,(Iy) =0,
see Bjorn, Bjorn and Shanmugalingam [5], Theorem 3.9.

We recall the following result from Farnana [11].

Proposition 2.11. Let y; : 2 — R i=1,2, and f € NVP(2). Let xo € 352 be a regular boundary point and such that f(xq) :=
limgsy_x, f(y) exists and that

Cp-limsup ¥1(y) < f(xo0) < Cp-SIZi;rylin)f Y2(y).
—X0

235y—Xg

If u is a solution of the ICy,, y,, f-problem, then
Cp- i = .
polim u(y) = f(xo)

Here Cp,-limsup, Cp-liminf and Cp-lim stand for essential limits up to sets of capacity zero.
We shall need the following result from Farnana [13].

Proposition 2.12. Let { f; ;?Ozl, {tpj}J‘?oz1 and {¢ f}?il be g.e. decreasing sequences converging to f, ¥ and ¢, respectively, such that

Yj— in NU-P(£2). Assume that {fj}J‘?‘:’1 is bounded in NP (£2) and vi—fje N(l)’p(Q), j=1,2,.... Let also uj be a solution of
the ij.fpj,fj (§2)-problem, j=1,2,..., and u be a solution of the ICy, ,, 7(£2)-problem. Then u; decreases to u g.e. in £2.

3. Auxiliary results

Definition 3.1. Let {f;},en be a family of continuous functions. Then {f,}nen is said to be equicontinuous at xq if for each
& > 0 there exists a neighborhood U > xg such that

sup fn — igff,1 <e¢ forallmeN.
U

The following lemma is Theorem 1.6 in Li and Martio [20]. As the proof therein is for domains in R" we include the
proof here for completeness.

Lemma 3.2. Let S be a family of continuous solutions of the single obstacle problem in 2, i.e. for each u € S there are v, : 2 — R

and f, € NP (£2) such that u is the continuous solution of the Ky, r.-problem. Let Q = {yr,: u € S}. Suppose that for xg € §2 there
are M < oo and a neighborhood V > xg such that

supu — irvlfu <M foralluesS.
1%
If the family Q is equicontinuous at xo then the family S is equicontinuous at xo.

Proof. Fix € > 0 and B = B(xg, r) with 20AB = B(xg, 20Ar) € £2, such that

supu — infu <M (4)
B B
and
su — inf <e¢ forallues. 5
20)}})3 Yu »ons Yu (5)



Z. Farnana / . Math. Anal. Appl. 371 (2010) 436-446 441

Fix u € S. We consider two cases. First assume that

infu > sup ¥,
1
2B 1B

this implies that %B C{xe€ £2: u(x) > ¢y, (x)} and hence by Theorem 2.9 u is a minimizer in B. Theorem 5.2 in Kinnunen
and Shanmugalingam [19] implies that for 0 <s <r/2 we have

o o
. S ) s
sup u— inf u<8°‘<—> (supu—mfu><8“<—) M,
B(x0,s) B(xo.s) r 1g 1B r

for some o with 0 <« < 1. Choosing s € (0, /2] with

o
8‘)‘(5) M<e
r

we see that
sup u— inf u<e. (6)
B(X0.,5) B(xo.5)

Next assume that

infu < sup . (7)

3B 1B
Let m = supp ¥, and note that m = —oo is not possible here, since it would imply that

supu gigfu—i—Mgsuplﬁu + M= —0o0,
B B

i.e. u= —oo in B which contradicts the fact that u € N"P(B). Also by (5), m = oo is always impossible. Therefore we may
assume that m = 0. Now u is a solution of the /Cy, ,(B)-problem and v, <m =0 in B. Proposition 2.6 implies that

1/q
supuéC(fuidu) forallq > 0, (8)
1

2 B

where u = max{u, 0}. Next from (5) we have

Uu+e>yy+e>inf Yy + &> sup gy >0,
20AB 200B

hence u + ¢ is a nonnegative superminimizer in 20AB. Theorem 9.2 in Bjérn and Marola [8] provides us with ¢ > 0 and
C > 0, only depending on p, the doubling constant and the constants in the Poincaré inequality, such that

1/q
<][(u + &)1 du) <C ilnf(u +8). (9)
3B
B

Now combining (7), (8) and (9) and using that u; < u + ¢, yields

1/q 1/q
supu<C<][uidu) <C<][(u+8)qd,u>
28 B B

gCilnf(u+8)ngup(lpu—i—s)ng. (10)
1lp 1
2 1B

Using that u > v, and (5) we see that
infu > infy, > inf > —¢.
T > %Bllfu /zoww“ >
This and (10) yield

supu — infu < (C + 1)e. (11)
1B 3B
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Since u € S was arbitrary, inequalities (6) and (11) show that S is equicontinuous at xg. O

Next, we prove the following proposition which we will need later. It shows that it is enough to test a function u €
Ky, £ (£2) locally in order to show that it is a solution of the KCy, y, r(£2)-problem.

Proposition 3.3. Let ¥; : 2 — R i =1,2, and f € N"P(2). Let also u € Ky, y, r(£2). Then u is a solution of the Ky, y,. f(£2)-
problem if and only if u is a solution of the ICy, y,.u(£2")-problem for all 2’ € £2.

Proof. The only if direction follows directly from Lemma 3.6 in Farnana [11]. For the other direction assume that u e
Ky, £ (£2) is a solution of the Cy, y, «(£2")-problem for all £2’ € £ and let i be a solution of the Cy, y, r(£2)-problem.
We will show below that u is a solution of the Ky, .. (£2)-problem and also a solution of the KCy y, . (£2)-problem. The
comparison Lemma 2.8 then implies that u < i < u qg.e. in £2. Hence u =1 q.e. in £ and u is also a solution of the
Ky, £ (§£2)-problem.

To show that u is a solution of the Ky, , 4 (§2)-problem, let v € Ky, 4 4 ($2). Then v<u qe.in 2 and u —v e N(l)’p(.Q).
Using that Newtonian functions with compact support are dense in Né’p (£2) we see that, for every &€ > 0 there exists
@ e NP ('), for some 2’ € £2, such that 0< ¢ <u — v qe. and

1p 1/p 1/p
</g5_¢ du) < (/g’v’ du) + </g5_v_¢ du)
2 2 2
1/p
< (/gﬁdu) +&. (12)
2

Further we have ¥ < v<u—@<u<y; qe. in £2. Hence u — ¢ € IC,/,l_wz,u(.Q’). As u is a solution of the ICl/,lm,u(.Q’)-
problem we get

fgﬁduéfgﬁ’_g)du.

fold '

This and the fact that g, = gy a.e. in £\ £2’ together with (12) imply that

1/p 1/p 1/p
</g5du> < (/g5_¢du> < </g5d,u> +e.
2 2 2

Letting £ — 0 shows that u is a solution of the Ky, y . (£2)-problem. Similarly, we conclude that u is a solution of the
Ku,y,,u(£2)-problem, by using the above argument for the solution —u of the K_y, _y, _¢(£2)-problem. O

We shall need the following lemma which can be proved easily using the comparison Lemma 2.8.

Lemma 3.4. Let ¥, ¥j, ¢, ¢;: 2 — Rand f, f; e N'P(2), j=1,2,..., be such that ¥j — ¥, ¢; — ¢ and fj — f g.e. uniformly
in £2. Let also uj be a solution of the IC‘/,j,(pj,fj -problem and u be a solution of the ICy, ,, r-problem. Then u; — u q.e. uniformly in £2.

Here we say that wj — w q.e. uniformly in §2 if there exists a set E C £2 such that C»(E) =0 and w; — w uniformly
in 2\ E.

4. Convergence of the obstacle problems in varying domains

If £ is not regular, then for some f € C(d£2), the solution of the Dirichlet problem for p-harmonic functions does
not attain the prescribed boundary values at some points. This led Wiener [24] to his definition of generalized (Wiener)
solutions of the Dirichlet problem for harmonic functions which is based on approximating 2 by regular sets. In metric
measure spaces it was shown that any open set §2 can be approximated by regular sets and moreover there exists a unique
Wiener solution of the Dirichlet problem for f € C(3$2), see Bjérn and Bjorn [2], Theorems 1.1, 4.2 and 4.3. In this section
we give several generalizations of Theorem 4.3 in [2].

Theorem 4.1. let 21 C 2, C---C 2 = U?L £2;j be open sets, ¥ : 2 — [—o00, 00) be continuous (as an R-valued function) and

f € NVP(2) be such that f > in £2. Let also u;j be the continuous solution of the K, ¢(£2;)-problem provided by Theorem 2.9 and
u be the continuous solution of the ICy, s (§2)-problem. Then uj — u locally uniformly in §2, where we define uj = f in 2 \ £2;.
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Proof. As f € Ky ;(£2;) and u; is a solution of the KCy r(£2;)-problem, j=1,2,..., we have

[ et din< [ ghan. (13

2j 2

Since uj — f € N(l)’p(.Qj) it follows from Lemma 2.4 and (13) that

. p — . p p
145 = Py = 105 = g, <C [ 8 di
2;

<C</g5jdu+/g?du> <C/g‘}du. (14)
2

j 2

Hence {u}$2, is bounded in NLP(2).
Next, ﬁx k € N. For x € £2;, choose B = B(x,1) € §2. As  is continuous and B € §2; we can find M € R such that v <M
in B. It follows from Proposition 2.6 and the boundedness of {u]} 2, in NL-P(£2) that

1/p
supu, M+C<][|u1 M|pd,u,)
1B

C 1/p
gM-Fw(/Wj_MWdM) <Gy (15)
2

where Cy is independent of j, since {uj}j?i1 is bounded in N1:P(£2). On the other hand we have that —u; is a subminimizer
in B, for j >k, and Proposition 2.6, with k = 0, then implies that

1/p
sup(—uj) < C<][ | —ujl"du>

1B

2

1/p
p !
< — //,(B)UP </ [ d,u) <Gy (16)

Hence we conclude from (15) and (16) that uj, j >k, are locally equibounded in §2,. Moreover, as ¥ is continuous and u;
is the continuous solution of the Ky y;(§2;)-problem, for all j >k, Lemma 3.2 shows that {uj}‘x’k is locally equicontinuous
in £2;. By the Arzela-Ascoli theorem we conclude that there is a subsequence {u } 2, of {u ]}001 which converges locally
uniformly in £2; and the limit function is a continuous superminimizer, by Remark 6 7 in Kinnunen and Martio [18]. Now
{u }°o 2, is an equicontinuous and equibounded sequence of superminimizers in £2,. Another application of the Arzela-
Ascoll theorem provides us with a subsequence which converges locally uniformly to a continuous superminimizer in £2;.
Proceeding in this way and taking a diagonal sequence we obtain a subsequence of our original sequence (also denoted
{u; ?":1) that converges locally uniformly to a continuous superminimizer in £2. Let & = limj_ oo ;.
Next we show that it € Ky 7(£2). For this let vj =u; — f extended by zero outside £2; and

v it— f in$2,
“lo in X\ £2.

Thus vj — v in X. As {uj}52; is bounded in N-P(£2), we conclude that {vj}32, is bounded in N-P(X) and Lemma 2.3

then shows that v € N"P(X) and hence ii — f € Né P(£2). since uj >y qe. in £, we have i > ¢ q.e. in £ and hence
uekly ().

Now, it remains to show that i is a solution of the KCy ;(£2)-problem. To this end let £2’ € £2. By compactness we have
2" € §2 for some k € N. As uj is a solution of the Kll,,uj(fz/)-problem, for all j >k, and u; — @ uniformly in £2’, Lemma 3.4
implies that @ is a solution of the /C,, ;(£2")-problem. As 2’ € £2 was arbitrary it follows from Proposition 3.3 that @ is a
solution of the /Cy, ;(£2)-problem and hence u =1 in £2, by the uniqueness of the solution of the obstacle problem.

We also conclude that the original sequence {u 1}7021 converges to u locally uniformly in £2, since otherwise there would

be an £2’ € 2, £ > 0, a subsequence {u}, }2, and x; € 2, k=1,2,..., such that

|uj, () — u(xe)| > €. (17)
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The compactness of £2’ implies that there exists a subsequence of {Xc}e2, (also denoted {x;}p2 ;) such that x, — xo € Q.
By what we have shown above {u},}2°; has a subsequence {u;.k}l‘ji1 which converges locally uniformly to u, i.e. uniformly

in £2’. Thus, for sufficiently large k, we have
|, (x0) — u(xo)| < &/4. (18)
Next, as u is continuous in £2 and {u/jk Jreq is equicontinuous on £’ we obtain that, for sufficiently large k,

[}, (0 = uf (xo)| < /4 and  Ju(x) — u(xo)| < &/4. (19)

The triangle inequality together with (17), (18) and (19) then imply that

& < |, (%) — up)|
< |uf, () =, (x0)| + [u], (x0) — u(Xo)| + |u(x0) — u(xp)|
<3e/4,

a contradiction. Hence uj — u locally uniformly in £2. O

Now we concentrate on double obstacle problems. In order to get convergence of the solutions we impose some addi-
tional assumptions on the obstacles and the boundary values.

Theorem 4.2. Let 21 C §2, C --- C 2 = Uf‘; £2; be open sets and f € NL-P(2) be bounded and such that f(xp) :=

limgsx—x, f(X) exists for all regular boundary points xg € 352. Assume also that yj : 2 — R, j =1, 2, are such that v, is bounded
from above and v, is bounded from below in $2, and

Cp-limsup ¥r1(x) < f(x) < Cp- liminf ¥ (x) (20)

235Xx—>Xg £25X—Xp
for all regular boundary points xo € 052. Let u; be a solution of the ICy,, y, f(£2j)-problem, j=1,2, ..., and u be a solution of the
Ky v, £ (§2)-problem. Then uj — u q.e. in §2, where we defineuj = f q.e.in 2\ ;.

In particular Theorem 4.2 applies if f € NP (2)NC(2) and ¥ < f < ¥ in £2. Note that it is possible to have a soluble
obstacle problem without (20), see Example 5.2 in Bjorn and Bjorn [1].

Note also that if f € NI'P(£2) in Theorem 4.1 is bounded and limy_.x, f(x) exists for all regular boundary points xg € 952,
then Theorem 4.1 is a special case of Theorem 4.2, if we only consider q.e.-convergence in Theorem 4.1. Otherwise they are
unrelated.

Proof. As f is bounded and v, is bounded from below in £2 we may assume without loss of generality that 0 < f <1 and
Yy >0 in £2.

Let I C 952 be the set of all irregular points. Then C,(I) =0 by the Kellogg property and hence there is a decreasing
sequence of open sets {V;}7°, such that V; D1 and Cp(V;) < 1/2/P. Lemma 5.3 in Bjorn, Bjérn and Shanmugalingam [6]
provides us with a decreasing sequence of nonnegative functions {n;}?°; such that [|7illy1x) < 1/20 and n; > 1 in Vigq.

Next, as f >0 and vy > 0, the comparison Lemma 2.8 implies that u > 0 g.e. in £2. It then follows that u — f +1; >0
g.e. in Viy1 N £2. On the other hand we have u — f +n; >0 q.e. in V41 \ £2, where we extend u — f by zero outside 2.
Hence we obtain u — f +n; >0 q.e. in V. Fix € >0, i €N and let V := V;,1. It then follows that

u—f+n+e>u—f+n >0 qe.inV. (21)
For x € 32 \ I we can find a ball By such that

u—f+n+e>2u—f+e>0 qe.inBy, (22)
by Proposition 2.11. The compactness of £2 implies that

m
ECQHUVUUBXk for somen,me N
k=1

and hence 2\ £2; C UZ7:1 By, UV for all j > n. It follows from (21) and (22) that u +n; > f — & q.e. in £2\ £2; for all j >n.

Now, let v; be a solution of the KCui sy, yy+n;,utn; (£2)-problem and fix j > n. As v; is a solution of the Ky, yo4;,v; (£2)-
problem,u+mn; > v¥1 —&, Y2+ ni 2 v¥2 —& qe. in 2 and v; > u+n; > f — & q.e. on 982, the comparison Lemma 2.8 and
the fact that u; — ¢ is a solution of the Ky, _¢ y,—¢ f—¢(£2;)-problem imply that v; > u; — & g.e. in £2;. On the other hand
we have
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vizu+ni>f—-e=uj—¢ qeinf2\£2;.

Hence v; > uj—¢ qe. in £2. Letting j — oo we obtain v; > limsup;_, , uj—¢ q.e. in £. By Proposition 2.12 we have v; — u
g.e. in £2. Thus letting i — oo and then &€ — 0 we conclude that

u>limsupu; q.e.in 2.
j—oo

Applying this to —u, a solution of the K_y, _y, _(£2)-problem, we obtain

u=—(—u) < —limsup(—u) =i

minfu; <limsupuj<u q.e.inf2.
j—o00 j—oo

j—o0

Hence u =limj_u; ge. in 2. O
Proof of Theorem 1.2. This follows directly from Theorem 4.2. O

Finally, when £2 is regular and f is continuous, we show that Theorem 4.1 can be extended to double obstacle problems
by a rather short proof.

Theorem 4.3. Let 2 be regular and 21 C 2, C --- C 2 = Ufozl £2; be open sets. Let also Yy : 2 — [—00,00) and Y2 : 2 —
(—00, 00] be continuous (as R-valued functions) and f € NVP(£2) N C(82) be such that v < f < Y in £2. Then

uj—u, asj— oo,

locally uniformly in §2, where u is the continuous solution of the KCy, y, f(£2)-problem and u; is the continuous solution of the
Koy . £ (82))-problem, j=1,2,....

Proof. Let u = f on 352. It follows from Proposition 2.11 that u € C(£2). Let £ > 0 and
G={xel:ux) +e> f(}.

Then G is an open set in the relative topology on £2, by the continuity of u — f. The set G contains 32 by assumption. The
compactness of £2 implies that £2 = G U £, for some k €N, and hence u + & > f on 92; for all j > k. Since u + ¢ is the
continuous solution of the KCy, ¢ y,+e ute(£2j)-problem and u; is the continuous solution of the KCy, y, f(£2;)-problem, it
follows from the comparison Lemma 2.8 that, for all j >k,

uju+e inSZj.

Applying this to —u; the continuous solution of the KX_y,, _y, _f(£2;)-problem and —u the continuous solution of the
K_y,,—y,,—f(£2)-problem we obtain

—uj<—u+¢ in$2;.

Hence we have |uj —u| < ¢ in £; for all j > k. Letting ¢ — 0 implies that u; — u locally uniformly in £2. O
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