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Abstract

We are concerned here with the coupled system of Hammerstein integral equations. The
existence of a unique integrable solution will be proved under the lipschitz condition.
Also, the monotonicity solution for the coupled system is provided.
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Introduction and Preliminaries

The most frequently investigated for Hammerstein nonlinear integral equation [1][3]:

1
x(t) = @(t) +f k(t,s)f(s,x(s)) ds , t€[0,1]
0

Here, we prove the existence of a unique integrable solution for the coupled system of
Hammerstein integral equations.
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1
x(6) = g (6) + fo ki (6, 5)fi(s, y(s)) ds
1 )
V() = g2(O) + fo ka6, )fo(5,x(s)) ds te[01]

Which is proved by applying Banach fixed point principle for Contraction Theorem when
the two functions f; and f, satisfy the lipschitz condition:

it %) = fi(t. Ve, <cillx =y,

Under certain monotonicity condition by using the technique of measure of
noncompactness.

Here, we relax the monotonicity and prove the existence of L, — solution of the coupled
system of Hammerstein integral equations (1).

Let L; = L;(I) be the class of Lebesgue integrable functions on I = [0; 1] with the
standard norm:

1
x| =f0 ()| dt

Let L7 = L1 (1) be the class of all column vectors of integrable functions [2]:

2 2
% () . :
(o) i€ boi=12 Land iell, = ) lhslly, = Y. [ n@lde
*2(8) i=1 =170

Theorem (1.1) Banach Contraction Mapping Principle[4]:

Let (X, p) be a complete metric spaceand let T : X — X be a contraction map. Then T has
a unique fixed point in X . Moreover, for any x, € X the sequence {T™(x)}n=o CONVerges
to the fixed point.
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Theorem 1.2: [5]
LetK : I x I — R, be measurable with respect to both variables and such that the integral

operator K generated by k maps L, into itself. If for every p € (0,1) and for all t;,t, € I
the implication:

P P
t1 <t = f k(ty,s)ds < f k(t,,s)ds
0 0

holds, then the operator K transforms the set of positive and nondecreasing functions
from L, into itself.

Existing Unique Integrable Solution
Consider the following assumptions:
(i) gi:1 — R areintegrable on I,

(ii) fi:IXR — R aremeasurablein t € I forany x € R and lipschitzin x e D c R
forany t €1

e Ifit,x) = it VI, <cillx=ylle, and [fi(t,0)] < |a; (O], a;(t) € Ly ;

(iit) k;:Ix1 — R are integrable in t for any s € I and measurable in s forany t € I
such that:

1
f |k;(t,s)|ds < M; where i=1,2
0

Consider the operator T defined by:

x) 91(0) + [} ko (&, 9)fi (5, ¥(s)) ds

TW =T =
(y gZ(t) + fol kZ(t' S)fz(S,X(S)) ds

Lemma2.1:
The operator T maps the space L] intoitself T: L} — L]

Proof: From the assumption (ii) we have:
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i@ x) = fi& W, < cillx = ylle,

and |f;(t,0)] <la;(O)] ,a;(t) €Ly =

Wit Ol — Nai®lle, = Ifit,x) = it O, <cillxlly,

Le. |1fi&)l, — Na®lly, <cillxlly,
Therefore,
(&0, < lailly, <cillx]le, (2)
X * .
Now, Let (y) € L7:

. ( X) [ 9@+ [} k@ fi(s,y(9) ds
¥\ 920 + [} ko (6,9 fo(5,x()) ds

X *
i ()i, =

+

1
a(® + jo k(6 9)fa(5,¥()) ds

Ly

1
‘ gZ(t) +J;) kz(t,S)fz(S,X(S)) dS

Ly

1 1

- fo 19:(6) + fo ka(t, )i (5, y(s)) | ds dt
1 1

+f lg. (1) +f ko (t,$)fo (s, x(s)) | ds dt
0 0

1 1 1

< fo 9:(®) | de + fo fo s 6, 9)] 1fu(s, ()] dis dt
1 1 1

+ j; 19200 | dt + fo fo Ik (6,9)] 1fo(s,2())] ds dt
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Interchange the order of integration we get:

1 1
7 ()i = Dol +Dgall,, + | 1oy (| a1 de)ds
1 1
+f |f2(s,x(s))| (f |k,(t,s)| dt)ds
0 0

1 1
< lgull,, + llgell,, + My [ V(s yDids + My [ 1fo(s,x(5))) ds
0 0
< ||.§11||L1 + ||.§12||L1 + M, ||]C1(5'3’)||L1 + M, || fz(Slx)HLl
By inequality (2)
X
07 (5 )05, = Nall, + gzl + M llasl], +MsCy 1y,
+ M, ||‘12||L1 + My Gy ||x]] L,
= laull,, +gall, | + M llaul], +]lal], ]

+mc [ [1xl], + ], |
Where, M = maX{ Ml ,MZ } and, MC = max {Mlcl ,M2C2 }

Thus,

X\ 91\ a1+ X\
(5 )0, = 0 (0 )i, v (2 )i, +meen ()i,

Therefore,
ITWI|L, < [IGlIL, + M[|A]lL, + CM]WI]L,

The last estimate shows that the operator T maps the space L} into itself.

49



Sokina Mohamed Ramadan El-Jerbi

Theorem 2.2:
Let the assumptions (i) — (iii) be satisfied then the coupled system (1) has a unique
integrable solution in (;) € L]

Proof:
u=(")- 810 + [, ki) (5,y1(9)) ds
Vi g2(0) + f ko (6)f(5,%,(s)) ds
v (x2>: g1() + [} ki (6,9 (5,y5(5)) ds
V2 g2(0) + [, ko (6, 9)E(5,%,(s)) ds
Let,

TU = g1(t) + fol ky (&, S)f1(5’ V1 (S)) ds
82(0) + [ ko (69)f(s,%,()) ds

Indeed, T : L7 = L}

TU — TV = fol ky(t,s) [f; (S, V1 (S)) - f; (S, Vs (S))] ds
fol k,(t,s) [f; (S, X4 (S)) - f, (5’ X, (S))] ds

1
ITU-TVI[;, = || fo ki (69) [£2(5,y1(9)) - 1 (5,y2()] ds ||
1
1l f ks (65) [ (531 (8)) — Fa(5%2())] ds ||
0

1
|ITU -TV||}., =f ITU — TV]|dt
0
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Unique Integrable Solution for the Coupled System of Hammerstein Integral

1 1
ITU ~TV];, < fo | fo ka(6,) [ (5,91()) - fi(5,v2(5))] | ds

1 1
+ f | f ks (6,5) [fa(5,20()) — fo(s%2())] | ds
0 0

1 1
< f f len (&)1 1fu(5,91(5)) = fu(s,72(8))] ds
0 0

1 1
[ M@l 160©) = flsx) |ds
0 J0
Interchange the order of integration we get:

1 1

ITU -TV];, < jo |f1(s,y1(s))—za(s,yz<s))|[f0 ey (¢, 5)lde] ds
1 1

¥ fo (5, 50()) - fo(522())I [ fo Ik (6, )] dt] ds

1
< M fo 1f1(5,71()) = fa(s,¥2(s))l ds
1
+ oM fo 1fo(5,%:()) - o5, %2()) ds
< M|l fi(571() - fi(s,v2() I,

+ M,|| fZ(S'xl(S)) - fz(s'xz(s)) Iz,

< M1C1||}’1 —YZ||L1 +M2C2||x1 —x2||L1

< MC ( ||Y1_YZ||L1+||X1_X2||L1)
TU-TV]|y, < MC||U =V,

Where MC = max {M1C1 ; M2C2}
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Then,
If MC < 1 then T is a contraction.
By using fixed point Theorem, 3 x,y € L, suchthatTU = U.
Existing Monotonic Integrable Solution

Corollary 3.1 :

Let the assumptions of Theorem(2.2) be satisfied if k; and g, are monotonic in t ,then x is
monotonic solution in I and if k, and g, are monotonic in t , then y is monotonic solution
inl.

Proof:

let t,>t,, ty,t, €I ,then:

1

1) x(0) = g1(0) + j ki (6,5) fi( s,y (@a(s)) ) ds
0

1

x(ty) = g1(t) + f k1 (t25) fi( 5, (91(s)) ) ds
0

1
> g1 (t) + f ki(ty,s) fi( s,y (@1(s)) ) ds
0
= x(t1)
Then, x(t) is monotonical nondecreasing .
Also,

1

@) y(O = g5 (0 + f ka(6,5) fo( 5,7 (92()) ) ds
0

1

y(ts) = ga(ty) + fo ka(t25) fo( 5,y (92(5)) ) ds
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1

> g,(ty) + fokzm,s)fz( 5, (92()) ) ds

=y(ty1)
Then, y(t) is monotonical nondecreasing .
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