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Abstract

In this paper, a Matlab computer program is presented for finding the maximum
likelihood estimate of the non-centrality parameter of the non-central chi

squared distribution with V degrees of freedom.
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Introduction

Let X;, X,,~-+, X, be V independent random variables. If X, is distributed as
N(z4,1) for i=1,2,---,v, then the random variable X , defined by X =Y X7, is
i=1

termed a non-central chi-squared having Vdegrees of freedom and non-centrality

parameter 6> = u’ .

i=1
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The non-central chi squared distribution arises in various statistical analyses and
the estimation of the non-centrality parameter is of importance in some problems.
The computation of the maximum likelihood estimate (MLE) of 5?2 is a difficult
task. An algorithm was presented by Dwivedi and Pandey (1975) for finding the
MLE of s2.

The main objectives are: 1) to write a Matlab program for computing the MLE
of 52, using Dwivedi and Pandey algorithm, to be available for Matlab users, and,
2) to create a table of the values of the MLE of 52.

The probability density function (pdf) of X that follows a non-central chi-

T . . 2
squared distribution with V degrees of freedom and non-centrality parameter 0,
was first given by Fisher (1928) and may be written as:

2) 2. ex 522 5%/2) I x"# 1 exp(-x/2
f(x;v,5%) ,Z_(; p(= : /2) /()V/2+J)2V/£(J /2) for x>0 (1)

Where we define (02/2)' =1 when 62=0, j =0.
The random variable X that follows a non-central chi-squared distribution with

V degrees of freedom and non-centrality parameter 0 ’ is usually denoted by sz (0 2)

. Some texts refer to the non-central chi-squared distribution as the generalized
Rayleigh, Rayleigh-Rice, or Rice distribution.
The pdf of X can be written in the following way:

f(x;v,&z):%exp(—(éz+x)/2)(,/x/§2)”/2*1I(V/z_l)(\/ﬁzx), for x>0 (2

Where |, (U) stands for the modified Bassel function for the first kind and

order k (e.g. Johnson and Kots, 1970).
A good discussion of the non-central chi-squared distribution can be found in
Johnson and Kotz (1970).

Computation of pdf of a non-central chi-squared random variable

It is important to compute the pdf of a non-central chi-squared distribution in
order to compute the maximum likelihood estimate of the non-centrality parameter

52. The Matlab function ncx2pdf; which is built into Matlab R2011, (Brani, 2011),
computes the probability thata random variable X takes ona
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value equal to X, when X follows a non-central chi-squared distribution with v

: 2
degrees of freedom and non-centrality parameter 0°.
The plots of the non-central chi-squared pdfs (Fig. 1) show that, for large values

. . . . 2
of V, the pdf is approximately symmetric about its mean V40"

. L _ 2
Maximum Likelihood estimator of 0

Power calculations for a variety of research designs used in behavior genetics
require the determination of a non-centrality chi-squared parameter.

It was mentioned, earlier, that the pdf of a non-central chi-squared random
variable X can be expressed in terms of modified Bassel function.

Now we put X = Y in equation (2), then the pdf of y is N(Y;V,5%), where
h(y;v,6%) = 5(y/8)" exp(= (5% + ¥)/2) 1,4 (5 V) (3)

Let Y1, Y, --*, Y, be an observed random sample of size 1 from (3), and let o
denote the maximum likelihood estimate of o . Dwivedi and Pandey (1975)

showed that O is,

<n.

i) Zero, if[z y2 v

i=1

: | :
i)  Thezeroof —n+> 2 (6y)

y?, if yZ/v>n.
7 0Yi 12y (0Y;) ;

Matlab Program

Using the results of Dwivedi and Pandely (1975), the Matlab computer program
mledelta (see Appendix A) has been written in order to compute the maximum

- . 2 . .
likelihood estimate of 0~ for a given N observations XX, -*-,X;, from a non-central
chi-squared distribution with V degrees of freedom and non-centrality parameter

52
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For selected values of V, Appendix B shows the value of maximum likelihood
. 2 : : . .
estimate of 0" for a given single observation X, where X has a non-central chi-

C . . 2
squared distribution with V degrees of freedom and non-centrality parameter 0°.
Bahlul O. Shalabi
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Fig. 1. Non-central chi-squared pdfs
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Appendix A
The Matlab Computer Program mledelta

The function mledelta computes the maximum likelihood estimate of the non-

. 2 . .
central chi-squared parameter 0°. The Matlab function mledelta calls the function
equmle.

function [MLEd2]=mledelta(xi,v)
n=max(size(xi));
E=.0000001;
xbar=sum(xi)/n;
if xbar<=v
MLEd2=0;
k=5;
else
k=0;
lambdal0=0;
lambdaU0=1000;
end
while k~=5
d2_est=.5*(lambdaL0+lambdaU0);
Bahlul O. Shalabi
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Q=equmle(xi,v,d2_est);
if Q <n-E/2
lambdalL.0=lambdal.0;
lambdaU0=d2_est;
elseif Q >n+E/2

lambdal.0=d2_est;

lambdaUO=lambdaUo0;

elseif (abs(Q-n) <=E/2)
MLEd2=d2_est;
k=k+1;

end

end

function Q=equmle(xi,v,d2)

d2=d2+1E-201;
ifv>=2
ml=v/2;
m2=(v/2)-1,
Q=0;
for k=1:max(size(xi))
dy=sqrt(d2*xi(k));
Q=Q+(xi(k)/sgrt(d2*xi(Kk)))*besseli(m1,dy)/besseli(m2,dy);
end
elseif v==0
m1=0;
m2=1;
Q=0;
for k=1:max(size(xi))
dy=sqrt(d2*xi(k));
Q=Q+(xi(k)/sgrt(d2*xi(Kk)))*besseli(m1,dy)/besseli(m2,dy);
end
elseif v==1
ml1=1/2 ;
m2=-1/2;
Q=0;
for k=1:max(size(xi))
dy=sqrt(d2*xi(Kk));

Computation of the MLE of the Non-Centrality Parameter of the Non-Central ;(2
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Q=Q+(xi(k)/sgrt(d2*xi(k)))*besseli(m1,dy)/besseli(m2,dy);

end
end

Appendix B

The value of the maximum likelihood estimate of 0 for a given single observation
X, where X has a non-central chi-squared distribution with v degrees of freedom

. 2
and non-centrality parameter 0°.
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