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Abstract

In this paper, we consider a system of nonlinear elliptic equations with nonlocal boundary
conditions of Neumman type of the form:

*0v'u = hy (x,u((b(x))) , o0v'u = 2=1fjk(x, u, 0u) vy

Where, 2 € IR™ is a bounded domain 002 and belongs to c*; v, denote the coordinates of
the normal unit vector on 9. Also we prove the existence of a weak solution for such

problem.
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Introduction

The aim of this paper is to prove the existence of a weak solution

u = (U, Uy, . ... ,up) of the system,
— Yi=10k [fjk(x, u, 0u)| + fjo(x, u,0u) +g;(x,u) = F
in0,j=12..,M (1)

With nonlinear and nonlocal boundary condition of the form:
ov'u = hyj (x,u((b(x))) (2)

Where, 2 € IR™ is a bounded domain (may be unbounded),
2. is bounded and belongs to c?;
ov'u = Zzlfjk(x, u, 0u) vy,
v, denote the coordinates of the normal unit vector on 902, @ is c!;
_diffeomorphism in a neighbourhood of 802 such that (92) c 2
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It must be emphasized that the term g; (x,u(x)) no growth restriction is imposed but it is
supposed that the function g; satisfies the sign conditiong;(x,n) n = 0. The existence of
weak solution of (1) and (2) will be proved using the arguments of [1] . Weak solution of (1)
and (2) will be defined as follows:

Assuming that u is a classical solution of (1) an (2) By Gauss-Ostrogrdsdskij theorem and by
using an integral transformation we obtain:

(3)

n
ZM Z fjkfn (%, u, 011, ..., 0 u) Oy vj + fnfjo (%, U, 01U ..., Oy W)V
k=1
j=1

—fs ﬁ;](x, u)vj((b_l(x))dax + fﬂgj (x,u(x))vj
= Z,-=J Fjv
0

Forall v; € C1(2), with compact support, S = @(a2) c 2 . Thus weak solution

U= (U, Ugyeerennnnnn, ,uy )of (1), (2) will be defined by (3) .

The nonlocal linear boundary value problems have been considered e .g in [2] and [3] and the
importance of nonlocal in [4]. In [4], [5] and [6] nonlocal and nonlinear value problems have
been studied.

Existence Theorem

Let X: = W, (22) X ... x W, (2). Then X is a reflexive Banach Space.
Denote by X- the dual space of X. The points
7= (0,01 rGn) € IRTIM (¢ = (1,7, ...,¢}") € IRM) Will be written in the form =

(7)’ () Where n= {Oi{ = ({01 511 bR {n)

Assume that:
a) Function fj":QxIR(”“)M — IR satisfies Carathodoary conditions, i.e. they are

measurable for every fixed ¢ € IR™*DM and continuous in ¢ for a.e.x. Similarly function
hy j:s x IRM — IR satisfies the Carathrodory conditions:
b) There exists a constant ¢; > 0 and a function k, € LY(2)

(%+$= 1) such that |[£*(x, )| < e [¢IP~ + ky (), j= 1,2, 0, Mk =12, ..,m
c¢)Forall (,0) ,(,¢) in IR™+DM with ¢ = ¢
M n
D lFn ) = feen e 16 - 5) > 0

j=1k=1

d) There exists a constant ¢, and a function k, € L*(2) such that
M n
DD @O z ekl - k@
j=1k=1
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e) For any s> 0, there exits g; s € L' (2)such that for a.e. x € 2
lg;iem| <gjs(x) if ml<s, j=12..M

f)Foranyn € IRM ,andforae. x €N
gi,mn; =20, j=12,......M
1
g) There exist a constants ¢; >0 and a fixed function k; ELHE(s) such that

|h1,j(x’77)| < c3|n]P + k3(x)
where0<p<p-—-1

Results

The main result of this paper is the following:
Theorem: Suppose that the assumptions a-g are satisfied, then for any

F € (w;(m)
There exits u € X such that g;(x,u) € L'(2) ,g;(x,wu; € L'(12), and (3) holds for all v €
X Satisifyingv € L*(2) X ...X L*(Q), v|gg € L*(0N) X ...x L*(dN) and for v = u.
Forany u,v € X leT(w),v) = XJL, Tioy [ ff (e, 010 .., 0,0) 0,0 +
+ 30 [ w01, 0wy — XL [ Ry G w) v (072(0))doy, (4)

And for any p > 0 Let

Eitxm) if Inlsp lxlsp
HEixm)  if Inl>w lxl<p

[ —
(x,n):= 5
B; (1) I8jcem | )
0 if |x]<p
Define operator S, by
(S, u) =YL, [ 8] e w) v (6)

Lemma 1. Operator T +S,, : X — X' is pseudomontate
Proof T + S, is bounded. Opertator T can be written in the form T = A — B . Where

(A(w),v) = Z Z fﬂfj" (x,u, 01U ..., Oqu) O V4

j=1k=1

M
+ Z fﬂfjo(x, U, 01U ..., O U)V;
=1
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M
(B,v) = ) [ Fs(x,w)v (07 (0)doy
j=1
From conditions a-d it follows that A is pseudomonotone (See [7]). Let (u') be a sequence
such that (u!) converge weakly to u in X and lim sup < TwH,ut—u> <0
Now, by compact of trace operator there exists a subsequence (i}) of (u}) such that for all
j,ﬁ}|,—m converges to w;in Lg(912).Where g := p + 1 <p.be condition (g) and holder is
inequality
(l +21= 1) we have:
p q
limsup < Buh),ut —u>=0 (7)

And (7) is true also for the original sequrnce. Further we prove that
B S Bwin X 8)
i.e. ForAllv e X (B(ul) ,V) 5 (B(w),v)

We have seen that there exists a subsequence (%i')of (u')such that (&i')|5, converges tou in
Lg(0) and converges a.e. to u on 9. Thus

hy ;(x,@') = hy ;(x,u) a.e.on 0
By Holder s inequality and the bounded of the trace operator we have:

lh—>r2) <B@{@Y,v >=<B),v>

and it is easy to show that the above equality is true also for the original sequence i.e. we have
proved (8), thus we have shown that if (u') converges weakly to u in X and

limsup < T(wh),ut —u><0limsup < BwH),ut—u>=0 (9)
and

B) S B in X (10)

From (9) it follows that
llim sup < A@whH) ,ut—u><0

Since A is pseudomonotone thus
AWH S A@) in X
And by (10)
Tw) S T@w) in X
By (9) we have
llim <T@WH,ut-u>=0
So we have shown that T is pseudomonotone operator. Now we shall prove that T + S, is
pseudomonotone operator.
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Suppose that (u!) converges weakly to u in X and (T + Su )(u!) converges weakly in X to
some y and
lim < (T+S,)@WhH,ut—u><0 (11)

Then by compact imbedding theorems there is a subsequence (u'«) of (u!) such that
zlim (u'*) = w a.e. in 2 and on 9.2

Thus by Lebesguge’s dominated convergence theorem
lim [|g" (x, ulk) — g% (x, W) | =0 (12)
>0 J J Lq(ﬂ)

Where q defined by % + é =1, hence llimSu(ulk) = S, (u) weakly in X' and so
lim Tu) =y —-S, (13)
weakly in X° from equality

(Syw),ut —u) =<8, — S,(w), ul* —u>+ +< S, (W), utk —u >

It follows that
llim < S, @), uk —u>=0

Because by (12), the boundness of |lu'x — ul| x, [|w;'

And Holder is inequality
’lim < S, (k) = S,(w),ulk —u>=0 (14)

It is not difficult to show that (14), is true also for the original sequence. Therefore (11)
implies.

- uj”LP(a_Q)

’lim sup (Twh),ut—u) <0 (15)

Since T is pseudomonotone thus by (13) and (15) we have T(u) =y — S, (u) ,i.e.
(T + Su) (w)=y

Further
I!irn <T@WH,ut—u >=0

llim <(T+S)WH,u'—u >=0
Which completes the proof of lemma 1.

lemma 2. Assume that (u') converges weakly to u in X and there is a constant ¢ such that

Z?'/Izl f_ng (X, ul) uj <c (16)
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Then

Bjxu) €L'(@ , 8jxwu; € L'(®Q)
Forall j = 1,2,...., M and there is a subsequence (u'k) of (u') such that
limu'* =wuaeinin andon dN (17)

k—>oo

Further

=0
L)

. l
zlllﬁ’o”gjk (e, ut) — g; (x,u)

Proof: As (u]) converges weakly to u in X thus (by compact imbedding theorems) there exist
a subsequence (u'k) of (u') such that
lim gh(x,ulk) = g;(x,u) foraeX e n (18)

By (3),(4) and (16) and assumption (f) we have
Jolgieu)ut <c (19)

Therefore by (18) and (f) implies
g; (x,u) u; € L'(2)

Forany § > 0 we have e)
[ % G, uth)| < g;8571 () + 8gl¥ (o ub o

This  implies  that  glk(x,u'*) is  equiintegrable = because = by  (19)
fE |g§."(x,ulk)|dx < ¢ if the measure of E is sufficiently small and there is a set Ae of finite
measure with

l
f_()xAslgjk(xﬁulk)| <g

By compact imbedding theorem and (18) this shows that
g;" (x, ut) - g; (x,u) in L' (2)
lemma 3 : The Operator
T+5,:X - X iscoercive, i.e.
(T+S)w,u)
lufl o0 llull

Proof : From f) we have
fﬂg;l(x, wu; =0

This implies that (S, (u),u) =0
Thus by using conditions d) and g) we obtain
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((T+Sy) (w),u) _ T@w | S (M@
llull llul| lull = lull

> Cylull§ — C5 — C4llull?™ — C5 (20)

(Cy - Cs are positive constants) . From this inequality and p + 1 < p it follows that T + S ,is
coercive.

Proof of the Theorem

By Lemmas 1 and 2 the operator T + S; is bounded pseudomonotone and coercive of all j =

1,2,3, ....., by using the well known theory of pseudo monotone operator in reflexive Banach
space we obtain that for any F € X’ there exists u! € X such that
(T+S)WhH=F (21)

By (20) where the constants are independent of (u) and (21) the sequence(u!)is bounded in X
. T is a bounded operator and so the sequence T(u') is bounded in X. Since X is a reflexive
Banach space, thus there exists a subsequence (u'x) of (u!) and u € X such that

lim(u'x) = u weakly in X, (22)

and limT (u'x) = y weakly in X’ For some y = X*. Combining the definition of S; with (21)
we find that

M
D T ag ) ut = (5, @), ule) = (Fub) < [IFlly Julklly < ¢
j=1

Thus by lemma 2.

g (x,w) u; € L'(2), g; (x,u) € L'() (23)
And there is a subsegence (u'k) of (u!) such that
lim(u'x) =u a.e. in 2 and on dNand also (24)
. Ik Y _ o —
llll?o”gf (ut) =gy Cowf , ) =0 (25)

According to (21) forany v € X
(T +5,,) "), v) = (F,v) (26)

Consider in (26) a fixed v € X suchthat v € L*(2) X ... X L* ()
And v|y, € L% (002) X ... X L*(00)
By using (23)-(26) we obtain as k — oo

(v, v) + L1 [ g8 (e Wy = (F,v) (27)

Now, we shall prove that y = T (u).
Since T is pseudomonotone, thus, it is sufficient to prove the following inequalities
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I!im sup (T (ul), ulk — u) < 07}

We have,
(T (u'k), ute —u) = (T (u),u'k) — (T (u'),u)

And so by (22) and (26) and lemma 2.

Ilim sup (T (utk), ut —u) = Ilim sup (F — St (ule), ut) — (y,v) —
M M

—< <F =Y v) - ]llm lnf z fﬂglkj (X' ulk)vjlk < (F - y:v> - Z f_Q gj(X' U)V]'
j=1 j=1

Thus forany w € X N L*(2) X ... X L®(2)by using (27).
Ilinolo sup (T(u'),ulk —u) < (F —y,u—w)+ 3L, [ [gxw](uy—u) (28)

Since 012 is bounded and continuously differentiable , thus u € X can be extended to /R™such
that we obtain
u € wy(IR™) X .....x wy (IR™)

We know that there is a subsequence (w})and wy (IR™) N L (IR™)
such that(w/ )in w (IR™) n L (IR™) and such that (w; ) converges to (u;)
inw, (IR™) and a.e. in IR™, further
lwj()| < [uj(¥)]|a.e.inR,j=12,..,M (29)

consequently for the trace of (wj)and u;. (29)
[Wilan()| < ujlan(x) inae. X €002 . (30)

By (29) and (30) we have
(F—vy,u—w') > 0and fﬂ [g]-(x, u)]wjldx - fn [g]-(x, u)]ujdx

Since g(x, w)u € L1(2). Thus from (28) it follows that
I!irn sup (T (uk),ulc —u) <0

Consequently, y = T'(u), and
(T(u),uk —u) >0

Therefore from (27) we obtain (3) for all v € w, (2) X .....x w, (2)

withv € L*(2) X ... X L*(2)
V|gn € L*(002) X ... X L*(01) .
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