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A point x in a topological space X is said to be non-isolated if every open set
containing x contains another point different from x. The aim of this paper is to
give the topology and the metric induces that topology of a metrizable space X

with exactly n non-isolated points .
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1. Preliminaries
Let X be an infinite set, a space (X, 7) is said to be
metrizable if there exists a metric induces the
topology 7 [1, 6]. A collection J of non- empty
subsets of Xis called afilterif F; , F, € I then F; N
F,€Jandif G €T, G = Xwith F = G, then GE . A
filter 3 in X is said to be free filter if Ny F=¢. A
subcollection g of a filter 5 is said to a filter base for
3 iffor any FE J there exists CEgp with C = F[1
6] . A collection of subsets of a topological space X
is said to be locally finite collection if every point in
X has an open neighborhood which intersects only
finitely many members of B. A collection B of

subsets of a topological space X is said to be o —
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locally finite if B = U;-, B, where B,, is locally
finite collection for all [6]. A point x of a topological
space X is called an isolated point if {x} is open
The following Theorems are respectively Theorem
2.2 and Theorem 2.1 of [5].
1.1. Theorem
A space (X, 7) is metrizable space with only one
non- isolated point xi iff
T=pX\{x1}) U {{x,})UF: FET}, where Jisa
free filter in X\{x1}with countable filter
base {Cn )=, with C,,, G C,, foralln, NS, C,, =

@, and P(X|{x;}) is the power set of X \{x;}.
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1.2. Theorem
IfX, 7, x;, {C}p—; and J are as in the above

Theorem , then the function

d: X x X — R defined by

1 if x,yEX\{x1},x #y,x € Cilory & C1
1 if(x=x1,y<£61)or(y=x1,x<£C1)
1 .
— Lf(x=x1,yeCl)or(y=x1,x€C1)
wheren is the least integer such that x & Cn(resp.y & Cn)
d(x, y): <
11 .
max{m,m} ifx+y, x,y€(
and m, m are respectively the least
intergers such that x € C, ,y € Cm
0 ifx+y,x,yeX
\

is a metric and induces the topology .

1.3. Remark

Since the metric defined above is depending on the
collection {Cn};-,and the point x; we call it the metric
associated with the collection {Cn};-,and the pointx, .
The aim of this paper is to give the topology and a
matric induces that topology for any metrizable space

with finitely many of non-isolated points.

2. The Main results
First, we start with metrizable spaces with only two
non-isolated points.
2.1. Theorem
if xg,x;, €EX, x; #x,
T=P(X\{x;,x,}) U {{x;})UF: FE€J;} U
{{x, }UG: GET, }U
{{x,x, JUF: FEJ; }U {{x;,x, }UG: GET, }.
Where 3, ,3, are free  filters  in

X\{x;,x, } with filter base {Cin}p=1,
{Con}r=q Respectively such
that 11,41 & Cin > Cong1 & Cyp, for all m,

7(’)lo=1 Cln = n;'lo:l CZn =0 and Cll N

C,,= ¢ ,then 7 is a topology on X
and (X, 7) is a T4 space .

Proof
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It is routine to check that T is a topology on X . To
show that (X, 7) is
Hausdorff, let x,y € Xwith x = y.Ifx = x;,y € X\
{x1,x2}
then since 3, is a free filter so there exists F€ J; such that
y & Fand so {x; JUF, {y} are disjoint open sets
containing x; and y respectively. Similarly if x = x,,y €
X\{xy,x, }. if x=x, y=x,,then{x;} U
Ci1,{x,} U C,, are disjoint open sets containing x; and
x, respectively. So (X, 7) is Hausdorff. To show (X, 7) is
normal space let A, B be any two disjoint closed sets , then

we have the following cases :

1) If A, B are subsets of X\{x;,x,},then A, B are
both open .
i1) If x, € A,x, ¢ B then B is an open set and so B

and B€ are two disjoint open sets containing B
and 4 respectively . Similarly ifx, € B,x; € A
1i1) If x;, € A,x, €B then A® is an open set. B =
A€ So for any b € B there exists with F,€ .
with {b}U F,c A€. Let = U ,¢p{b} U F,, then K
is a clopen ( closed and open ) set containing B
and disjoint from A. Therefore (X, 7) is a normal

space and hence (X, 7) isa 7s space.

65



The following Theorem is Theorem 23.9 of [6] .

2.2. Theorem
A topological space X is metrizable if and only if it is
T5 and has a o — locally finite base.

2.3. Theorem

If T as in Theorem 2.1, then (X, 7) is a metrizable

space .
Proof:
Let {Cin}ne1,{C2n}nq be asin Theorem 2.1 and let

B, ={{x} :x€ X\{x;,x,}, x &
C11U Coq JU{x; JU C1q U{{x, U Gy }

B, ={{x} : x€ X\{x1, %, }, x € C1n, U Cppy }
U{{x; U G } U{{x, JU Con}e
Then B,, is locally finite collection for all # and B
=Us_1 B, is a ¢ —locally finite collection. Since

B contains the collection

xX=Yy

=R o e
~
“

n+1

{{x}: x€ X\ {1, %2} U{{x; } U Cin}p= Ui{x 3 U
Can}m=1- S0 B is a base for the topology and since (X,
7) is T4, so by the above Theorem (X, 7) is a metrizable

space .

2.2. Lemma

If d,, d, are two metrics on X and 4, B are two non-

empty subsets of X such that

X=AUB,ANB=¢pandd; (x,)=d,(x,y)ifx €EAory€
A then the function d: X x X — R defined by
aon- {00 W ves Ve
is a metric on X .
Proof
The proof follows since
X x X =(Ax A)U(B x A)U(A x B)U(B x B) and
d,,d, are two metrics on X .
2.3 Theorem
Ifr, {Cin}p=q1 and {Can}p—; asin Theorem 2.1 and X x

X — R defined by

if x#y,xy€X\{x,x},(x,y) &Ci; X Criand(x,y) & C;; X Cyy

if (x=x1,y65Cn)or(y=x1,xe£C11)
if (x=x2,y65 621)or(y=x2,x65 621)
— if x=x;,y € Ci1 and nis the least integer such thaty & C,,

or

y =Xx,,X € C11 and n is the least integer such that x & Cy,

dley)=q L if x=x,,y € (1 and mis the least integer such thaty & C,,,

m+1

n+1’ m+1

n+1’ m+1

Then is a metric and induces the topology 7.
Proof

Let d; be the metric corresponding to the collection

{C1n}p-1and the point
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or

y = Xx,,Xx € C21 and m is the least integer such that x & C,,,
max {L ;} if x,y € Cipand n,m are respectively the least intergers
such that x € Cy,,,y &€ Cim
max {L ;} if x,y € Cyiand n,m are respectively the least intergers

such that x & C,,,,y & Com

x, and d, be the metric corresponding to the collection
{C2n}%_,and the point x,,

(See Remark 1.3).
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Let A=X\(C,;U{x,}), B=C21U{x, }, since 4, B are So by Lemma 2.2 d is a matric on X and it is routine to

two disjoint non empty subsets with X =AUB, d, (x,y) show that induces the topology t.
=d,(x,y)ifx EAory € Aand 2.4. Remarks:
d,(x,y) ifx€A or yEA i) The above metric can be written in the following way

d(x,y):{dz (x,y) if x€eB, yE€B

L if x #y,%,y € X \{x1,%}, (x,y) € C;y X Cix fori =12
0 ifx=y
1 if(x:xi’yeCil)or(y:xi,xefcn)fOTi:1,2

1
—— if x =x;,y € Ciy and n is the least integer such that y & C;,

d(x,y) = or
y =x;,x € C;y and n is the least integer such that x &€ C;,fori =12

1 1
max{ , } if x,y € Cinand n,m are respectively the least intergers

n+lm+1
such that x &€ Cy,, ,y &€ Cimy for i =1,2

i1) Forany x € X, € > 0 we have

{x} if x € C11U Cyy X#EX,XFEFXye=1

1
{x} if ,x € Ci1,6 = 3 where n is the least integer such that x € Cin

. 1 . .
B.(x) = {x} if ,x €Cz1,e= p——— where m is the least integer such that x € Cim

+2
{x,}U Cin ifx=x1,£=5
) 1
{x,}U Com fo=x2,£=;

so as base for the metric topology we have the collection

{Hxbix # %0, # %} UH{x JU CinJpzUH{x, J U Condng

2.5. Notation

Let Q denotes the collection of all non-empty subsets

of the set  {x;,x,,......, %, }. 2.7. Lemma
If x;,x,,....., x, are distinct points in a matric space
The proof of the following Theorem is similar to the X then there exists £ >0 such that B.(x)

roof of Theorem 2.1 L.
P Bs(xj)=(pfor1¢].

2.6. Theorem

2.8. Theorem
Ifx,,x,,....., x, areelements of X,

A space (X, 7r) with exactly » non-isolated points
T=pX\{x1, Xz ..o Xn DUV, [Ugea{AUF: X1, Xy, Xy is metrizable iff
F€ESJ; }1] where J; is a free filter in = POOX, Xy 1y X U [U™,[U4eqfAUF:
X\{x;, X5 ,....., X, } With countable filter base , then z FES,;}]] where S; is a free filter in X\{x; , Xy ,....., X, }
is a topology on X and is (X, ) a 74 space . with countable filter base.
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Proof

= Let X be a metrizable space with x, , x5 ,....., X, as

the only non-isolated points .UsingLemma 2.7 we

choose € > 0 such that B,(x;) N B, (x]-) =g fori#
J
and  let Cy :Bs/k(xi)\{xl,xz s ey Xy ffor all

k=1,2,...,nthen Cix B X\{x;, x5,.., X, },
Cir41 & Ci forall kand Ny, Cix =190 .

Let 3; be a free filter with filter base {Cix };-,and let z*
be  the
collection B ={{x}:x€X\{x;, X5 ,....., X } }U[
Uit {{x: 3 U Cirdizy |

It is routine to check that 7= 17".

topology ~ whose  base is  the

& Let{Cix}p=, be the filter base for J; for alli with

Cqh NCr=pfori+#j

d(x,y)a

b
maxn+1,m+1

Then is a metric and inducs the topology .

Proof

By induction on the number of the non-isolated
points . If n= 1, then this is Theorem 2.2 of [5].Ifn
=2, then this is Theorem 2.1. So suppose n = 3 and the
Theorem is true for all i with 1<i< n.Letd; be the
metric corresponding to the collection {Cix}z=, and

the point x; forall i .

Let d, be the metric produced by d;,d,, .....,d,_1
using Lemma 2.2, d,, the metric corresponding to the

collection {Cni}y-; and the point x,, and define,
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Let.

B, ={{x}: if xe UL Caful{UL,{x} UCy})

B,={(x}: if x& UL, CoJul{UL,{x} U Cz})

B, ={{x}: if x€ UL CinJUHUL{x:}U Cin})

Then B, is locally finite collection for all n. Let B
= U721 B, , then B is a ¢ —locally finite collection and
since B 1is a base for 7 by Theorem 2.2 it follows that X
is a metrizable space with x;,x,,....., X, as the non-

isolated points .

2.9. Theorem

Ifr, {Cik}p=q asin last Theoremandd: X x X — R
defined by

1 if x#y,x,vy€X\{x;, %5, .., 2, },(x,y) € C;y XCi1 fori=12,...,n
0 ifx=y
1 if(x=xi,y€Ci1)or(y=xi,erCil)fori=1,2,..,n
1
—— if x =x;,y € Ciy and m is the least integer such thaty & C;,,

or

y =x;,x € Ciy; and mis the least integer such that x & C,,

if x,y € Cipand n,m are respectively the least intergers

such thatx ¢ Ci, ,y & Cim

d(xy)=

{d* (X,J/) ifx EX\( Cnl U {xn}ory € X\ Cnl U {xn})
dn(x'Y) Lf x,yE Cnlu{xn}

Then by Lemma 2.2 d is a matric on X with metric

base the collection

B={{x}:x#x; foralli }HU[UL {{x;} U
Cik}y=1 ] and clearly 7 is generated by B.
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