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Abstract

A topological space (X, 1) is called an extremal space if there is no topology on X
strictly finer than T which is not discrete. It was proved that (X, t) is an extremal
space if and only if

©=P(X\{x}) U {{x}U F: Fe §},

for some xe X and some ultrafilter § in X\{x} [3, 4]. Where P(X\{x}) is the power
set of X\{x}. In this paper I will prove that any extremal space is not metrizable.
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Preliminaries
Throughout the paper I am assuming X is an infinite set. A space (X, 1) is

metrizable if there exists a metric d defined on X such that the topology tq4 induced
by d is equivalent to T [1, 5]. A space X is 15t countable if any pointin X has a

Accepted for publication: 13/8/2017

27



Mabruk Ali Sola

countable local open base and if X is Ty, then X is 15¢ countable if and only if for
any xeX there exists a countable collection {U,},~, of open sets containing x
such that U,,,; & U, for all n and N;-; U, = {x} [1, 5]. A filter F inaset X isa
collection & of non-empty subsets of X such that if F;, F, e Fthen F;, N F, € &
and if Fe § and G € X with F € G, then G € §. A filter & is called an ultrafilter if
there is no filter strictly finer than & if and only if for any E € X either E € § or
X\E € &. A collection C of non-empty subsets of X is a filter base for a filter in X
if for any Cy, C, € C there exist C5 € C such that C; € C; N C,. A filter & is said to
be free filter if Nreg F = ¢, otherwise F is called a fixed filter [4, 5].

Lemma 1:

If X is a set and {C,},=; is a collection of non-empty subsets of X such that
Cni1 & Cy for all n, and Ny -, C, = ¢, then {C,,},~, is a filter base for a free filter
on X which is not an ultrafilter.

Proof:

Let = { F € X: C, € F for some n € IN}, then clearly ¥ is a free filter with
filter base the collection {C,}n-;. To show & is not an ultrafilter, for each n
choose x,, € C,\ Cp4q and let E = {x;, x5, ...}, then E € X with E ¢ & and X\E €
&. So & is not an ultrafilter.

A collection B of subsets of a topological space X is said to be locally finite
collection if every point in X has an open neighborhood which intersects only
finitely many members of 8B. A collection B of subsets of a topological space X is
said to be o-locally finite if B = U, ~, B,,, where B, is locally finite collection for
all n.

The following Theorem was independently proved by Nagata and Sinirnov
gives a necessarily and sufficient condition for a space to be metrizable [5].

Theorem 2:

A topological space is metrizable if and only if it is T; and has o-locally finite
base.

The following Theorem is Corollary 5 of [4].
Theorem 3:

If © = POX\{x}) U {{x}U F: Fe &}, for some xeX and some free filter in
X\{x}, then (X, ) is T4, where P(X\{x}) is the power set of X\{x}.
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The Main Results

The following Theorem says that some extremal spaces does not has the first
countability property.

Theorem 4:
If (X, 7) is an extremal T; space, then (X, 7) is not 15t countable.

Proof:

Suppose (X, t) is an extremal space, then by [4] there exists xeX such that t =
P(X\{x}) U {{x}U F: Fe &} for some ultrafilter in X\{x}.

If (X, 1) is Ty, then & must be free ultrafilter and hence by Theorem3, (X, 1) is a
T, space. If (X, ) is 15 countable space, then there exists a countable collection
{E};m=1 Of subsets of X\{x}, such that F,, € & , F,,1 & F, for all n and
{{x}U E,};=, is countable local base at x with N, —; F,, = ¢.

So & has a countable filter base {F,},-; with empty intersection and so by
Lemmal, & is not an ultrafilter which is a contradiction.

Now, since every metrizable space is 15t countable and T; so we have the
following corollary.

Corollary 5:

If (X, 7) is an extremal space, then (X, 7) is not metrizable.

Now, if x, € X, & is a free filter in X\{x,}, and t = P(X\{x,}) U {{x,}U F:
Fe g}, the following theorem gives a necessarily and sufficient condition for the
space (X, 7) to be metrizable.

Theorem 6:

If xo € X, 1= P(X\{x0}) U {{xo}U F: Fe &}, where & is a free filter in
X\{x,}, then (X, 7) is metrizable iff § has a countable filter base.

Proof:

= Suppose (X, 1) is metrizable, then (X, 7) is 15 countable space and since
(X, ) is T; there exists a countable collection {U,,},—,0f open sets containing x,
such that U,,,; < U, for all n and N;~, U,, = {x,}. For each n, let C,, = U,\{x,},
then {C, },—4 is countable collection of subsets of X\{x,}, with C,,,; & C, for all
n, and N, =, C,, = ¢. Since any open set containing x, has the form {x,}U F for
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some Fe & and so there exist k such that x, € U, = {xo} U C € {xo}U F, it
follows that the collection {C,, },—; is a countable filter base for .

« Let & be a free filter in X\{x,}, with a countable filter base {C,,},-;, then
Ny=1 C, = ¢ and we can assume C,,; S C, for all n. Let
By ={{x} x # xo, x & C1FU{{xo}U (1}
B, = {{x}, x # xp, x € C}U{{xo}U (3}

EBn = {{x}1 X+ X0, X ¢ Cn}U{{xO}U Cn}

We claim that 8B, is a locally finite collection of open sets for all n. Clearly 3B,
is a collection of open sets, and forany y e X. If y € C,,, ¥y # x,, then {y} is an
open neighbourhood of y intersects only one member of B,,. If y € C,, or y = x,,
then {x,}U C,, is an open neighbourhood of y intersects only one member of 8B,,.

Therefore B, is a locally finite collection for all n. Let B = U,~; B, then B is
a a-locally finite collection. To show B is a base for the topology T=
POX\{xo}) U {{xo}U F: Fe &}, clearly {x} € B for all x € X\{x,}-

If z € {x,}U F for some Fe {, then if z #+ x, we have z € {z} c {x,}U F and
if z = x,, then there exist C,, € & with {x,}U C,, < {x,}U F. So B is a base for
the topology t and since B is ag-locally finite collection and (X, t) is T, so by
Theorem2, (X, 7) is a metrizable space.

Example:

Let X=IR"™, O is the origin of IR™. Let C, ={x € IR™: 0 <[l x Il <} forall n
€ IN. Then {C, },=; is a collection of non-empty subsets of IR™\{O}, with C,,,;
C, forall n, and N;=, C,, = ¢. Let

B ={{x} , x#0,x¢ C,U{{O}U (C;}
B, ={{x}, x # 0, x ¢ C,U{{O}U C,}
B, ={{x}, x#+0,x ¢ C,JU{{O}U C,}

And let B = Uy~ B, then B is a a-locally finite base for the topology t =
P(IR™\{O}) U {{O}U F: Fe &}, where & is the free filter in IR™\{O} with filter
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base the collection {C,},-,. Hence by the last Theorem (IR, 7) is a metrizable
space.
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