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Abstract

It has been proved that if X is an infinite set, x, € X and T = P(X\{xo}) U {{xo}UF:F €
F} then (X, 1) is a metrizable space, where F is a free filter in X\{x,} with countable filter
base and P(X\{xy}) is the power set of X\{x,} [3]. In this paper | will define a metric on X
which induces the topology t and show that every metrizable space with exactly one non-
isolated point has to be of this form.
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Preliminaries

Throughout the paper | am assuming X is an infinite set. A space (X, 1) is said to be
metrizable if there is a metric d defined on X induces the topology 7 [1,5]. If (X,7) is a
metrizable space with a metric d, then forany ¢ > 0, x € X, B,(x) = {y € X:d(x,y) < €}
is called an open disc with center x and radius . A point x of a topological space X is
called an isolated point if {x} is open in X.

A filter in a set X is a collection F of non-empty subsets of X such that if F;, F, € F,
then F;,NF, e Fandif Fe F, G € Xwith F € G, then G € F. A subcollection ¢ of a filter
F is a filter base for F if for any F € F there exists C € £ with C c F.
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A filter F is said to be free filter if ;J-F = @. A collection B, of subsets of a topological
space X is said to be locally finite collection if every point in X has an open neighborhood
which intersects only finitely many members of Bn. A collection , of subsets of a

topological space X is said to be o-locally finite if 3= G 3, where B3, is locally finite
n=1

collection for all n [5].
The following theorem is theorem 23.9 of [5].

Theorem-1

A topological space X is metrizable if and only if it is T; and has a o-locally finite base.
The following theorem is theorem 6 of [3].
If x, e X, 7 =PX\{x.}) U{{x.} UF:F € F}, where F is a free filter in X\{x.}, P(X\
{x.}) is the power set of X\{x.}, then (X, 7) is metrizable if and only if F has a countable
filter base.
Clearly if x,, X, T as in the above theorem, then x, is the only non-isolated point in X.

The main results

The main result of this section is finding a metric which induces the topology given in
theorem 1.2 above and it is given in the following theorem))

Theorem-I
There is a metric induces the topology T = P(X\{x.}) U {{x.} U F: F € F}, where x, €
X and F is a free filter in X\ {x.} with countable filter base.

Proof
Let {C,,},=, be a countable filter base for F and suppose C,, 2 C, 4, forall n.

Since F is free, then ﬂ C,=0.Letd: X XX — [0, ) defined by

n=1

1, if x,yeX\{x.}, x #yand (x € Ciory & Cy)

1, if (x=x0,y € C1)or (y = X0,y & Cy)
ok if (x=xy,y € C,andnintheleast integer such thaty ¢ C,)

dx,y) = or (y = xo,x € C; and n in the least integer such that x & C,,)

1 1
max{m,m—ﬂ}, if x#y,x,y €C,and n,mare
respectively the least integers such that x & C,,,y & Cp,
0, ifx=y,x,yeEX
To check that d is a metric:

clearly,
(iYd(x,y)=0forall x,y € X,
(ii) d(x,y) = 0ifand only if x = y, and
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(iii) d(x,y) = d(y,x) forall x,y € X hold
(iv) to check the triangle inequality, let x, y, z € X, then we have the following cases:

a) Ifx,y, ze X\(C;U{x,}), then clearly the inequalities
d(x,z) <d(x,y) +d(y,z)

d(x,y) <d(x,z) +d(z,y)
d(y,z) < d(y,x) + d(x,z) hold.

b) If x = x,, y, z & C; then the inequalities
d(x,,z) < d(x.,y) +d(y,z)

d(x.,,y) <d(x,,z) +d(z,y)
d(y,z) <d(y,x,) + d(x,,z) hold.

c) If e X\(CiU{x.},y ,z € C;, then also the three inequalities hold.

d) If x, y, z€ Cy. Suppose x & C,, y & Cy,, z & C, Where n, m, k are the least
integers with these proporties. Suppose n < m < k, then all of the inequalities
d(x,z) <d(x,y) +d(y,z)

d(x,y) <d(x,z) +d(zy)
d(y,z) <d(y,x) + d(x,z) hold

e) fx=x,y,z€(
suppose (x,,y) = ﬁ , d(x,,z) = ﬁ and n <m, then the three triangle
inequalities
d(x,,z) < d(x,,y)+d(y,z)

d(x.,,y) <d(x,,z) +d(z,y)
d(y,z) <d(y,x,) + d(x,, z) hold.
f) Ifx=x,y€C(C,z¢& C, then also the three triangle inequalities hold.

Hence d is a metric on X.
Next we will show that d induces the topology 7 = P(X\{x.}) U {{x.} U F: F € F}.
If x ¢ C;,x # x, thend(x,y) =d(y,x) =1foranyy € X,y # x. S0 B;(x) = {x}. If x €

C1,x & Cy, then d(x,x,) = % =d(x,x),dxy)=dl,x)=1if y &, and d(x,y) =

§ =d(y,x) ify € C;. So B1(x) = {x}.
3

If x € C,,x & Cs, then d(x,x,) = i =d(x,x), d(x,y) =d(y,x) =i if ye&cC,. and
d(x,y) =d(y,x) = i if y € C;. S0 Bi(x) = {x}.
In general if x € C,,, x € C,,41 then B 1 (x) = {x}.

n+2
If x = x,, then d(y,x.) = d(x.,y) = 1if y & €1, d(x.,y) = d(y,x.) = o7 if y € ¢ and
n is the least integer such that x & C,,.
So Bi(x,) = {y € X:d(x,,y) < %} = C,U{x.}; thatis B;(x.) = C;U{x,}, Bi(x,) =
n 2

C,U{x,} and so on.
Therefore as a base for the metric topology we have the collection
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O = (Ba(ix € N\Cux % 2JULU {B 1 ix € G\CuaBU(Bs (R

n+2
= {{x}:x € X\ BU{{xJUC 30y
and this base induces the topology 7 = P(X\{x.}) U {{x.} U F: F € F}, where F is a free
filter in X\ {x,} with {C,};-; as a filter base.

The next theorem shows that if X is a metrizable space with only one isolated point, then
the metric topology will be as in the above theorem.

Theorem-11

A space (X, 7) is metrizable with only one non-isolated point x, if and only if
7=PX\{x.}) U{{x.} UF:F € F}, where F is a free filter in X\{x,} with countable filter
base.

proof =:
Let X be a metrizable space with x, as the only non-isolated point.
Let C,, = Bi(x,)\{x,} forall n.

then C, # @, Cp, € X\{x.}, Cnyq & Cyforallnand (N C, = 0.

n=1
Let F be the free filter with filter base {C,,}n=1-
By theorem 1.2 if t* = P(X\{x.}) U {{x.} U F: F € F}, then (X, t*) is a metrizable space.
To show 7" =1, let U = {x,} UF be an open neighborhood of x, in (X,t*), then there
exists m such that {x,} U C,, c {x,}UF, so {x,} UC,, = B1(x,) S {x,} UF. Therefore

{x.,JUF € tandso t* € t. Also for any n, B1(x.) = {x,} U C,, € 7" consequently T € 7~
n

and hence 7* = .

=: If t=PX\{x.}))U{{x,}UF:F € F}, where F is a free filter in X\{x,} with
countable filter base, then by the last theorem (X, ) is metrizable with x, as the only non-
isolated point. Type equation here.

2.3 Remark
The next research is to find a metric for any metrizable space with finitely many non-
isolated points.

References

[1] Kelley, J. L. (1955). General Topology, Springer-Verlag.

[2] Mera, K. M. and Sola, M. A . ( 2005). Extremal Topology. Damascus University
Journal for Basic Science, 21 (1).

[3] Sola M. A. (2017). On The metrizability of extremal spaces. Libyan Journal of science,
20, 27-31.

20



Metrizable Spaces with Exactly One Non-Isolated Point
[4] Sola M. A. and Tarjm M. S. (2016). On extremal topology. Libyan Journal of science,

19 (B), 37-42.
[5] Willard S. (1970). General Topology. Addision-Wesley Publishing Company, INC.

21



