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In the advance time, Bessel’s function play role in solving many problems of
engineering and scientific challenges. Including equations like the wave
equation, heat equation, Laplace equation, Helmholtz equation, and
Schrodinger equation in spherical or cylindrical coordinates. In this paper,
author present Iman transform of Bessel’s functions with application for
evaluating definite integrals, and exploring its applications and providing
examples of problems involving Bessel’s functions for integral calculation,

thereby minimizing computational efforts.
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1. Introduction

Recently, integral transforms such as the Laplace
transform [1,2], Elzaki transform [3,4], Kamal
transform [5-7], Mahgoub transform [8], Shehu
transform [9], Sawi transform [10], SEE Transform
[11], Abaoub Skhem transform [12,13] etc, have played
a crucial role in solving advanced problems in fields

such as mathematics, physics, chemistry, social science,
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astronomy, biology, nuclear science, and engineering.
These transforms are particularly useful for addressing
complex challenges like differential equations, integro-
differential equations, and population
dynamics.Similarly, the widespread use of integral

transform methods continues to prove valuable in

28


https://uot.ed.ly/journals/index.php/ljs/
mailto:huda.khalat@sabu.edu.ly

solving various engineering and scientific problems
[14].

Researchers have successfully applied these methods to
ordinary differential equations [15], partial differential
equation [16,17], Volterra integral equations [18], and
Volterra integro-differential equations [19]. For
instance, Priyyanka and Aggarwal [20] utilized the Risi
transforms to model bacterial growth, while Aggarwal
and colleagues [21] have explored several transforms of
Bessel functions. Building on this foundation.
Application of Anuj transform for handling linear
Volterra integro-differential equations and first order
consecutive chemical reaction was given by [22,23].
Khalat and Ali [24] gave the solution of Elliptical

Curves equation.

Bessel’s functions are widely applied in solving
problems across various fields, including mathematical
physics, acoustics, engineering, and sciences like heat
transfer, fluid mechanics, vibrations, stress analysis,
hydrodynamics, and flux distribution in nuclear

reactors, among other etc.

The purpose of this study is to determine the Iman
transform of Bessel functions of the first kind of orders
zero, one, and two and to demonstrate the advantages of
using the Iman transform for evaluating integrals that

involve Bessel’s function.

2.Defintion and Standard Results

2.1. Iman transform

Definition: If f(t) € F,t = 0 then Iman transform of
f(t) is defined as [25]

HF@®Y = f e f®)dt=Kw)v>0 (1)
Where | is called the Iman transform operator.

2.2. properties of Iman transform

2.2. a) Change of scale
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If I{f(t)} = K(v) then I{f(at)} = aK(av), where a
is arbitaray constant.

proof: By the definition of Iman transform, we have

HF(©)} = J; ™"t f(£)dt, then

1(°
I{f(at)} = — f et flat)dt
0
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Put at = p - adt = dp in above equation, we

have

[oe]

1 _vzﬂ
M@ =— [ ™% fap

0

1 © (v
@) =|———| e (@) rpyap
a2 (L) 0
Va
1 v
=ak (ﬁ)
thus if I{f(t)} = K(v), then

I{f (at)} =  K(F2).
2.2. b) Linearity Property

If  Hf®O}=Kw) and {g()} = HWw)
Wehave  I{af(t) +bg(D)} = al{f ()} + bI{g(6)}
Then Haf (t) + bg(t)} = aK (v) + bH(v)
Where a, b are arbitrary constants.

Proof: By the definition of Iman transform, we have

1 r*
@ = [ e e

0

17
I (af () +bg(D)} = — j e [af (£) + bg(D)]dt

2

0
1 r® 1 ,
= a[ﬁfo e’ tf(t)dt] +b [;J; e’? tg(t)dt]

Then Haf (t) + bg(t)} = al{f ()} + bI{g(t)}

And Haf(t) + bg(t)} = aK(v) + bH(v)

Where a, b are arbitrary constants.

3. Iman transform of the derivatives of the

function f(t) [25-27]

Let K (v) be Iman transform of [ I{f (t)} = K(v)], then
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@) 1{
(b) I{dzf(f)}—v‘*x(v) f©0) - 27'(0)
© 1%} =

- 1
#=0 mimamrar S 40 0).

pi—2n+2k f

f—} =v’K(v) — = f(0)

v'K(v) —

4.Convolution of two functions

The convolution of two functions f(t) and g(t) is
represented as f(t) * g(t)
and is defined by:

F@r9@® =1+ = [ fO96x -0t
0

- [ 9@re - ot
0

4.1. Convolution theorem for Iman transforms

If I{f(t)}=K,(v) and I{g(t)} =K,(v), then
H{f(@®) * g} = v I{f O} * I{g()} =

2K, (v). K, (v).

Proof: By the definition of Iman transform, we have

HF(©)} == [ e f(£)dt, then

1 ® .2
@+ 9@} = [ e 1@+ glde
0

From the definition of convolution of two functions, we

obtain
1 <) R t
@) +g@®)} = — f e [ j f(X)g(t—x)] dt

Changing the order of integration gives

N T
17© @) = [ 0| e egte - oot ax

Put t — x = u so that dt = du in above equation, we
have

1 [ ® 2
1© g0y =z [ 10 |[ e gaoa ax
0 x

1 (" 2
1© g = [ rwe|[
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e ‘vzug (w) du] dx

I @) * g(6)} = f £ () e [1{g (6)})dx
0
1 r® 2
I @) * g(0)} = v2I{g(®)} [v— [ e "f(x)dx]
0

Hf®© g} = v I{f (O} * {g®O)} =
V2K, (v). K, (v).

Table .1. Iman transform of some elementary functions [25]

S.N f(@® I{f(t)} = K®)
1 1 L
' vt
t 1
& Ve
3 t"n €N n!
. p2en+4
4 th,n> -1 '(n+1)
' p2n+4
at 1
5. € -
. v* — av?
—a
6. € -
v* + av?
7 sin at g _
' v2(v* + a?)
8 cos at 1
' vt + a?
9 sinhat a
. V2(v* — a?)
10 coshat

v4 — q?

5.Inverse Iman transform

Definition: If I{f(t)} = K(v) then f(t)is called the
inverse Iman transform of K(v) and mathematically it

is denoted by
fO =1""{K@®)}
Where the operator 171 is the inverse Iman transform.

Table .2. Inverse Iman transform of some elementary
functions [25-28]

S.N K(v)} f@®) = I"'{K@)}
1. 1
vt
2. 1 t
v6
3. 1 n!t"
2n+4 neN
4, 1 Fn+Dt"n>-1
> 1
5. 1 eat
v* — av?
6. 1 e—at
v* + av?
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7. 1 sin at

v2(v* + a?) a
8. 1 cos (at)
v + q?
9. 1 sinhat
10. 1 coshat
g2

6.Bessel’s functions of first kind of different
order [29,30]

Bessel’s function of order n, where n € N is given by

Jn ()
t" t? t*
= 1- +
2nn! 2.2n+2) 24.2n+2)(2n+4)
t6

T 246.2n+2)2n+4)(2n + 6)

+ ] 2)

When n = 0, we have Bessel’s function of zero order

and it denoted by J,(t) and it is given by
t? t* té

SO =1t e w ppet

3)

And when n = 1, we have Bessel’s function of order

one, it is given by

](t)_ﬁ_i_kL_L_F... (4)
1N T o 234 7 22426 22426238

Another form of Equation (3) can be written as

t3 t> t7

t
]1(t) = E

For n = 2, Bessel’s function of order two, it is given by

t2 ¢t t° t°
J2(8) = ﬁ - 22 4.6 + 22,42 6.8 - 22.42,62,.8.10
+ ee

7.Relation between Jo(t)and J,(t) [29]

d
ZUo(®] = =1 (® ™
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“EaatrEas waat” ®)

(6)

8.Relation between J(t)and J,(t) [30]

J2(8) = Jo(t) + 2J5' () )]
9.Iman transform of Bessel’s functions of first
kind

9.1. Iman transform of J,(t)

Applying Iman transform of equation (3), both sides, we
have:

1[t*]

1
o] = 1111 = 5 1[6%] +
1 6
Tt
1 1 2! 1 4! 1 6!

ST et gz eepie T
1 1 2! 1 4! 1 6!
=F[ TR T 2 ar 8 224262 pi2

= 9
9.2. Iman transform of J,(t)

From (7), we have %[]O] =—Ji(t)

Then HAGIERIIFING]

-1
== [U_zjo(o) + Vz][]o(t)]]

1
= ;]o(o) = v2I[J,(®)]

U2

’ 1
vt 1+F

1 v?
=— [1 - ] (10)

1
v
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9.3. Iman transform of J,(t) 14272 2_2_ P

Then I),(at)] = = [

? a?+v*
Taking Iman transform of equation (8), both sides,
we get 1 [a + 2av? - 2v \/W] (14)
(O] = 1o (O] + 21[J¢' (1] - a?v? Vaz + vt

1
+ 2[00 = 1 (0) = Jo(O))

21+ vt

10. First shifting Theorem for Iman transform
1 2
= +2 [ -0- 1]
v2V1 + vt v2V1 + vt Let I[f(t)] = k(v) and a € R, then
1 2

= -2
T VT e f(©)] = (1-—)k (”\Jl - viz)

1+ 2v% =202 (1 +v*) an

v2V1 4 vt Proof: From definition of a new integral transform, we
9.4. Iman transform of]o(at) have

Since I[J,(®)] =

ZW
Now, using change of scale property of Iman

1 r® 2
e f @) = [ e f@e™
0

transform, we have: -
1 2
= —ZJ f(t)ev*-atqgy
v=Jo

1 1
I[Jo(at)] = 2 ,

(%)2 1+ (%)4 _ (1 _ i); mf(t)e_(U\/T%)ztdt

1 1
- | a2)

=(1—12)k(v/1—%) (15)
9.5. Iman transform of J, (at) v v

. 1 2 10.1. Iman transform of e®J,(t)
since [y (0)] = 72[1 -
From J,(t) we have
1 (\7_&)2 1[] t ] = #
Then I[]Z(t)]:_z (v)z 1-— - ) 0() _Uz\/H—lfl’
va 1+(Z
g “) Using first shifting property we get
a 1
1e),(0] = (1-—)
_[2 1 1 v ) a \/ 4 a\?
= E_as—m] (13) vt (1-35) 1+ v (1-3%)
9.6. Iman transform of J,(at) _ [ 1 ] (16)
v2V1 + v* — 2av? + a?

. 1+2v2-2v2,/(1+v%)
Since I t)| =——F———
UZ( )] vzm
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10.2. Iman transform of e®J,(t)

Since 1®] == [1 - J%]

Thus Ie®]; ()] =

=

11+ @W2—a)2-vi+a
== 17)
v J1+ w2 —a)?
10.3. Iman transform of e®J,(t)
. _ 14202202 /(1+vh)
Since I[J,(®)] = T
Then I[e®], ()] =

(1_ )I1+2u 1—— -2v2 1—— 1+v4 1—— ‘
v2

(1——) 1+v4 1——

1420w —a) - 2(v? —a)y1+ (v? — a)?

11. Numerical applications

(18)

In this section, some examples are provided to illustrate
the effectiveness of Iman transform of Bessel’s
functions in evaluating the integral that involve Bessel’s

functions.

Application 1. Evaluate the integral
E(®) = [ Jo)o(t — wdu (19)

Taking Iman transform to both sides of equation (19),

we have

HE()} = 1{ f Jo )t u)du} 20)
0

Applying convolution theorem of Iman transform on
(20), we have

HE(t)} = v2I{Jo ()} o (D)}
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= v’ [172\/11+ v4] [172\/11+ v4]
1

- v2(1 + v4) @

Now operating inverse Iman transform on both side on

(21), we have

1 .
m} = Sll’l(t) (22)

E@) =1 {
Which is the exact solution needed for (19).

Application 2. Evaluate the integral
E@) = [iJo@h(t—wdu  (23)

Taking Iman transform to both sides of equation (23),

we have

HE()
=7 .
{ fo Jo@J (¢

- u)du} (24)

Using convolution theorem of Iman transform on (24),

we have

KE©)} = v’ I{o(O} {1 ()}

=
v2V1 + vt

1[1 _ 7]
v? v1+ vt
1 1

= — (25)

v/ +vY) 1+v?

Take inverse to both sides on (25), we get

1 1
E(t) =11 {7} -r—
v2 /(1 +v?) 1+vt
= Jo(t) — cos(t) (26)
The exact solution of (23) that is required.
Example 3. Evaluate the integral

E(t) = f a(t - w)du @7

Applying the Iman transform on both sides of

equation (27), we have
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HE()} = 1{ f tjl(t - u)du} (28)

Using convolution theorem of Iman on (28), we have

KE®)} = v I{1}I{, ()}

,[171]1 v?
-
vtl|v? 1+v*
1 1 29)
vt op2 (1 +v4)
Now taking inverse Iman transform on both sides on
(29), we have

E@)=1" {i} -1t {—1 }
B vt v2 /(1 +v%)
=1-Jo(®) (30)

Which is the required solution of equation (27).

12. Conclusion

In this work, the Iman transform is employed to solve
Bessel functions of the first kind of order zero, one, and
two, dented as Jo(t), J1(t), J2(t) . Jo(at), J1(at) and
J»(at). Additionally, they obtained the Iman transform
for expressions involving these functions, such as
ekt (t), ekt (t) , e®],(t), using the translation and
scaling properties of the Iman transform. These findings
are significant for evaluating improper integrals that
include Bessel functions in the integrand. Additionally,
we explore several properties and theorems related to
the Iman transform, we applied this transform to three
different examples. The results of this paper may also
be useful in future research for solving Bessel’s

equations.
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